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PREFACE. 



It is the object of the present volume to place witliin 
reacli of the student a work to which he is frequently- 
referred in the course of his reading, hut which lie 
will seldom have the opportunity of consulting, unless 
he happens to be possessed of the quarto edition of 
Sir I. Newton's work; for the " Enumeratio linearum 
tertii ordinis," originally printed as an appendix to the 
treatise on Optics, and subsequently in the " Opuscula," 
has not hitherto been published in a separate form. 

In 17 17, Mr. Stirling, of Balliol College, Oxford, 
published his commentary on this work, entitled " II- 
lustratio tractatus D. Newtoni de enumeratione line- 
arum tertii ordinis;" but this book, though reprinted 
at Paris in 1797, is now scarce, and beyond the reach 
of the general reader. 

To have published a translation of the mere text 
of Newton's treatise, without the addition of any expla- 
nation or illustration, would have been a barren and 
useless undertaking, for its style is concise and abrupt 
almost to obscurity, and its enunciations are unaccom- 
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panied by any proofs. The Abb^ de Gua, in his 
" Usage de I'Analyse de Descartes," in remarking on 
the difficulty of following the thread of the argument 
made use of by Newton, writes thus : — " Ce g^ometre 
dont tons les ouvrages portent un caractere singulier de 
sublimite, paroit en parfciculier dans celui-ci s'efcre ^leve 
a une hauteur immense, a laquelle toute autre genie 
moins p<Sn^trant et moins fort que le sien, auroit tente 
vainement d'atteindre : mas la route qu'il a tenue dans 
nne entreprise si difficile, se d^robe aux yeux de ceux 
qui apper9oivent avec etonnement le degre d'^levation 
auquel il est parvenu. On doit en excepter quelques 
legeres traces qu'il a eu soin de laisser sur son 
passage, aux endroits qui avoient m^rit^ qu'il s'y ar- 
retat plus long terns. Ces endroits, au reste, sent 
presque toujours assez distants Ics uns des autres. Si 
Ton se propose done de suivre la memo carriere, on 
est ohlig6 se guider soi-meme dans de longs inter- 
valles." And Cramer has gone so far as to accuse 
Newton of purposely withholding the demonstrations 
of the method employed by him in this work ; for, in 
speaking of it, he says, " II est facheux que M. 
Newton se soit content^ d'etaler ses deeouvertes sans y 
joindre les demonstrations, et qu'il alt pr^f^r^ le plaisir 
de se faire admirer a celui d'instruire." 

There is, however, little doubt that Newton's object 
in hastily publishing this treatise, was to vindicate the 
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priority of his own discoveries from the piracy of 
writers who had appropriated some of his theorems ; 
and, in the advertisement prefixed to the " Optics," he 
complains that " having lent out his manuscript cen- 
tring such theorems, he had since met with some 
things copied out of it, and therefore took occasion 
to publish the tract." Nor can it be doubted that 
the work of Stirling, which supplies the omitted de- 
monstrations, was sanctioned and assisted hy Newton 
himself, with whom the author was on terms of 
intimate friendship. 

But although the criticism of the French mathe- 
maticians would appear to be ill founded, it cannot be 
denied that to those who have no previous familiarity 
with the subjects treated in the " Enumeratio," some 
explanation and illustration is wanted in order to 
enable them to arrive at the author's meaning; audit 
is for this reason, and with a view of supplying the 
desideratum, that notes to elucidate the text have been 
added in the present volume. 

Occasion has also been taken in the following 
pages to give a short account of the application of 
Newton's analytical parallelogram to the investigation 
of curve-lines, — a method which seems to have unde- 
servedly fallen into disuse. The writer fully concurs 
in the truth of the remark of Stirling, " H§.c methodo 
universali procedendo, scilicet argumentando a naturis 
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Bequationum, pateseuiit noii solum seetlonum coiii pro- 
prietates, quas tanto labore adinvenerunt Vetercs, et 
tot ambagibus demonstratas dederunt, idque metbodo 
quae ad alias curvas extendi nequit ; sed et proprietates 
curvarum ommum ordinum superiorum." 

A few exaoiples and problems relating to lines of 
the third order have been added at the end of the 
volume, in order to render the work more useful to 
the student. 
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AN ENUMERATION OP LINES OF TIIl^ THIRD 
ORDER. 



Section I. 
The Orders of Lin 



Geometrical lines are best divided into orders, accoi'diug to 
the dimensions of the equation expressing the reiatiou between 
absciss and ordinate, or, which is the same thing, according to 
the number of points in wliicla they can be cut by a straight 
line. So that a line of the first order will be a straight line; 
those of the second or quadratic order will be conic sections 
and the circle ; and those of the third or cubic order will be 
the cubic Parabola, the Neilian Parabola, the Cisso'id of the 
ancients, and others we are about to describe. A curve of the 
first genus (since straight lines are not to be reckoned among 
curves) is the same as a line of the second order, and a curve 
of the second genus is the same as a line of the third order. 
And a line of the infinitesimal order is one which a straight 
line may cut in an infinite number of points, such as the spiral, 
cycloid, quadratrix, and every line generated by the infinitely 
continued roUitions of a radius. 
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The Properties of Conic Sections are analogous to those of Curves 
of higher orders. 

The cliief properties of conic sections have been much 
treated of by geometers, and the properties of curves of the 
second and higher genera are very similar to them, as will be 
shown in the following enumeration of their principal pro- 
perties : — 

1. Of Curves of the Second Genus, their Ordinates, Diameters, 
Vertices, Centres, and Axes. 

If parallel straight lines terminated by the curve be drawn 
in a conic section, the straight line bisecting two of them will 
bisect all the others, and is called the diameter, and the 
bisected lines are called ordinates to the diameter, and the 
intersection of all the diameters is the centre; the intersection 
of the diameter with the curve is called the vertex; that dia- 
mefer, whose ordinates are rectangular to it, being called the 
axis. In like manner, in curves of the second genus, if any 
two parallel straight lines are drawn, meeting the curve in 
three points ; the straight line which cuts these parallel lines, 
so that the sum of the two segments meeting the curve on one 
side of the secant, equals the third segment meeting the curve 
on the other side of the secant, will cut in the same ratio all 
lines parallel to these, provided they also meet the curve in 
three points ; that is, so that the sum of the two parts on one 
side of the secant, shall equal the third part on the other side. 
These three parts, thus equal, may be called ordinates, and the 
secant or cutting line to which the ordinates are applied, the 
diameter ; the intersection of diameter and curve, the vertex ; 
and the intersection of two diameters, the centre. The dia- 
meter having rectangular ordinates, if any exist, may also be 
called an axis; and where all the diameters meet in a point, 
that point will be the general centre. 
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ASYMPTOTES A 



2, Of Asymptotes and their Properties. 

A hyperbola of the first genus will have two asymptotes ; 
that of the second genus will have three ; of the third, four, 
and no more ; and so on for the rest. And as the segments of 
any straight line intercepted between the conic hyperbola and 
its asymptotes on each side are equal, so in hyperbolas of the 
second genus, if any straight line be drawn cutting both the 
curve and its three asymptotes in three points, the sum of those 
two segments of the secant, which are drawn from any two 
asymptotes on the same side to two points of the curve, will be 
equal to the third part, which is drawn from the third asymptote 
on the contrary side, to the third point in the curve, 

3, Of Later a Recta, and Transversa. 

And in like manner, as in the non-parabolic conic sections, 
the square of the ordinate — i.e. the rectangle contained by the 
ordinates on each side of the diameter— is to the rectangle of 
the segments of the diameter of the ellipse and hyperbola, ter- 
minated at the vertices ; as a certain given line called the latus 
rectum, to the part of the diameter which lies between the ver- 
tices, and is called the latus transversum; so in non-parabolic 
curves of the second genus, the product of three ordinates, is to 
the product of the abscisses of the diameter between the ordinates 
and the three vertices of the curve, in a given ratio ; in which 
ratio, if three lines are taken to three segments of the diameter 
between the vertices of the curve, each to each, then these three 
lines may be considered as the latera recta of the curve, and the 
three segments of the diameter between the vertices as its latera 
transversa. And as in the conic parabola, which has but one 
vertex to a diameter, the rectangle under the ordinates, is equal 
to the rectangle under the absciss between the vertex and ordi- 
nates, and a given straight line called the latus rectum : so in 
curves of the second genus, which have only two vertices to the 
same diameter, the product of the three ordinates is equal to 
the product of the two parts of the diameter cut oif between 
the ordinates and the two vertices, and a certain given straight 
line, which may be called the latus rectum. 
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4. Of the. Ratio of the Products of the SegTRents of Parallel Lines. 

Finally, as in the conic sections, where two parallel chords 
are cut by two parallel chords, the first by the third, and the 
second by the fourth, the rectangle of the segments of the first 
is to the rectangle of the segments of the tliii'd, as tlie rectangle 
of the segments of the st^cond, to the rectangle of the segments 
of the fourth : so also where four such straight lines occur in a 
curve of the second genus, each heing cut in three points, the 
product of the segments of the first line will be to the product 
of the segments of the third as the product of the segments of 
the second to the product of the segments of the fourth. 

5. Of Hyperbolic and PiirnMic Brunches, and their Directions. 

All infinite branches of curves of the second and higher 
genus, like those of the first, are either of the hyperbolic or 
parabolic sort, I define a hyperbolic branch as one which con- 
stantly approaches some asymptote, a parabolic branch to 
be that which, although inlinite, has no asymptote. These 
branches are easily distinguished by their tangents; for sup- 
posing the point of contact to be infinitely distant, the tangent 
of the hyperbolic branch will coincide with the asymptote, but 
the tangent of the parabolic branch being at an infinite distance, 
vanishes, and is not to be found. The asymptote to any branch 
is, therefore, found by seeking for the tangent to a point in 
that branch at an infinite distance. The direction of the 
branch may be found, by determining the position of a straight 
line parallel to the tangent referred to a point in the curve 
infinitely distant; for such straight line will have the same 
direction as the infinite branch itself. 
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THE FOUR CAi 



The Reduction of all Curves of the. Second Genus to four Cases 
of Equations. 

All lilies of the first, thiri3, fifth, seventh, or odd orders, have 
at least two infinite branches extending in opposite directions; 
and all lines of the third order have two branches of the same 
kind, proceeding in opposite directions, towards which no other 
of their infinite tranches proceed, (except only the Cartesian 
parabola). 

Case J. {fig. I.) 

If the branches be hyperbolic, let GAS be their asymptote, 
and let CBc be any line drawn parallel to it, meeting the 
curve on each side (if possible) ; let this line be bisected in X, 
which will be the locus of a hyperbola, say Xo, one of whose 
asymptotes is AG. Let its other asymptote be AB, and the 
equation defining the relation between absciss AB and ordinate 
BC, if AB = a:, BC =y, will be of the form always 

xi/ + ey = ax^+ bx'' + cx + d 

where the terms 6, c, d, a, e, designate given quantities, affected 
by their proper signs + or — , of which any may be deficient, 
so that the figiire, by reason of their absence, be not changed 
to a conic section. It may be, however, that this conic hyper- 
bola coincides with its asymptotes; that is, the point X may 
fall in the straight line AB ; and in that case the term + ey is 
deficient. 

Case II. {fig. 2,) 

But if the straight line CBc is not bounded by the curve at 
each end, but only meets the curve in one point, draw AB 
any straight line given in position, meeting the asymptote AS 
in A, and draw another line BC parallel to that asymptote, 
and meeting the curve in C ; then the equation expressing the 
relation of the ordinate BC and absciss A B always assumes the 
form 

xy — (ix^+hx-^cx + d 
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Case III. (fig. 3.) 

But if the opposite branches are of the parabolic sort, let 
the straight line CBc be drawn, if possible, meeting each 
branch of the curve, and being bisected in B, the locus of B 
will be a straight line. Let this straight line be AB, termi- 
nating at any point A, then the equation expressing the relation 
of ordinate BC and absciss AB always assumes the form 

1/2 = ax^+ bx^+ ex + d 

Case IV. (fig. 4.) 

But when CBc only meets the curve in one point, and, 
therefore, cannot be bounded at both ends, let that one point 
be C ; and at the point B let CBc meet another straight Hue 
given in position, AB, and terminating at any point A, then 
the equation expressing the relation between ordinate BC and 
absciss AB always assumes the form 

y = ax^ -\-hx"'-\-cx + d 

The Names of the Curves. 

In the enumeration of these cases of curves, we shall call 
that which is included within the angle of the asymptotes in 
like manner as the hyperbola of the cone, the inscribed hyper- 
bola; that which cuts the asymptotes, and includes within its 
branches the parts of the asymptotes so cut off, the circum- 
scribed hyperbola; that which, as to one branch, is inscribed, 
and, as to the other, circumscribed, we shall call the amhigenous 
hyperbola; that which has branches concave to each other, 
and proceeding towards the same direction, the converging 
hyperbola; that which has branches convex to each other, and 
proceeding towards contrary directions, the diverging hyper- 
bola ; that which has branches convex to contrary parts and 
infinite towards contrary sides, the contrary branched hyperbola; 
that which, with reference to its asymptote, is concave at the 
vertex, and has diverging branches, the conckdidal hyperbola; 
that which cuts the asymptote in contrary flexures, having on 
both sides contrary branches, the serpentine hyperbola ; that 
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REDUNDANT IIYPERHOLAS. i3 

whicli intersects its conjugate, tho cruciform hyperbola; that 
which intersects and returns in a loop upon itself, the nodate 
hyperbola; that which has two branches meeting at an angle 
of contact, and there stopping, the ctisped hyperbola; that 
which has an infinitely small conjugate oval, i.e. a conjugate 
point, the punctate hyperbola; that which, from the impos- 
sibility of two roots, has neither oval, node, cusp, or conjugate 
point, the pure hyperbola. 

In the same way we shall speak of parabolas, as converging, 
diverging, contrary branched, cruciform, nodate, cusped, punc- 
tate, and pure. 

In the case of the first-mentioned equation, Max^ is positive, 
(fig. 5), the figure will be a triple hyperbola with six hyper- 
bolic branches progressing to infinity alongside of three 
asymptotes, no one of which is parallel to another, two along- 
side of each hyperbola, on contrary sides. And these asymptotes, 
if the term hsfi is not deficient, will cut one another at three 
points, making a triangle (DrfS); but if the term'Ja:^ is defi- 
cient, all the points will converge to one point. In the former 
case, take AD = -rr— and Arf = A3 = — ^, ioinDrf, D6; and 
A.d, 'Dd, Da, will be the three asymptotes. In tho latter case 
(fig. 6) draw any ordinate BC parallel to the principal ordinate 
AG, and in it produced in each direction take BF, B/, equal 
to each other.and in the ratio to AB oi \^a : 1, join AF, A/; 
and AG, AF, A/, will be the three asymptotes. This hyper- 
bola we call redundant, because it exceeds the conic hyperbola 
in the number of its hyperbolic branches. 

In every redundant hyperbola, if neither the term ey be 
deficient nor h^— 4 ac be equal to ± 4 ae -^/a, the curve will have 
no diameter. If either of these cases occur, the curve will 
have a single diameter ; if both, it will have three diameters. 
Now, the diameter always passes through the intersection of 
two asymptotes, and bisects all straight lines which are termi- 
nated by these asymptotes on both sides and are parallel to the 
third asymptote. And the absciss AB is a diameter of the 
curve wherever the terra ey is deficient. I use the word dia- 
meter called absolute, here and hereafter, in its common accepta- 
tion; namely, as the absciss which has everywhere two equal 
ordinates to the same point, one on each side of it. 
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OF CURVES. 

Of the nine redundant Hyperbolas, having no Diameter, and 
three Asymptotes, making a Triangle. 

When a redundant hyperbola has no diameter (fig, 5), let 
the four roots bo found of the equation aX^ + h3^ + cx^ + dx 
+ J = 0. Let these be AP, Aw, At, Ap; draw the ordi- 
natos PT, OT!-, ■^-1, pt; then these will touch tho curve in so 
many points T, t, T, t, and, by touching;, givo the limits of the 
curve, by which its species ia determined. 

For, if all the roots A P, Am, A«, Ap (figs. 5, 7), are real 
and unequal, and of the same sign, the curve consists of three 
hyperbolas (inscribed, circumscribed, and ambigenous), and of 
an oval. One hyperbola lies towards D, another towards d, 
and the third towards 3 ; and the oval always lies within the 
triangle Tidb within the limits tT, in which it is touched by the 
ordinates ■rl and «tt. 

This is the 1st species. 

If the two greatest roots A -jt, Ap (fig. 8), or the two least 
(AP, Aot, fig. 9), are equal to each other, and all of the same 
sign, the oval and circumscribed hyperbola will coalesce, their 
points of contact 1 and t, or T and t, coming together, and the 
branches of the hyperbola, intersecting one another, run on into 
the ova!, making the figure nodate. 

This is the 2d species. 

If the three greatest roots Ap, A^, Aw (fig. 10), or the 
three least roots A*, A-nr, AP (fig. 11), are equal to each 
other, the node becomes a sharp cusp ; because the two 
branches of the circumscribed hyperbola meet at an angle of 
contact, and extend no farther. 

This is the 3d species. 

If the two middle roots Am, An- (fig. 12), are equal, the 
points of contact r and 1 coincide, and, therefore, the oval 
vanishes to a point ; and the figure consists of three hyperbolas. 
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inscribeiLl, cli'ciiniseribod, and ambigenous, witli a conjugate 
point. 

Tills is tlie 4tli specie.s. 

If two roots are inapossible and the other two unequal, and 
of the same sign, (they cannot be aifected by contrary signs), 
three pure hyperbolas result, without oval, node, ensp, or con- 
jugate point; and these hyperbolas will either lie at the sides 
of the triangle made by the asymptotes, or at its angles ; 
thus forming either the flth (figs. 12, 13) or the 6th species 
(figs. 14, 16). 

If two roots are equal, and the other two, either impossible, 
(figs. 16, 18) or real, and with different signs from the equal 
roots, (figs. 17, 19), the figure will be cruciform, two of the 
hyperbolas intersecting one another, either at the vertex of the 
asymptotic triangle, or at its base, (figs. 16, 17), 
These are the 7th and 8th species. 

Lastly, if al! the roots are impossible (fig. 20), or all real 
and unequal, (fig. 21), two being positive and two negative; 
then there will result two hyperbolas at the opposite angles of 
the two asymptotes, with a serpentine hyperbola round the 
third asymptote. 

This is the 9th species. 

The above are all the possible cases of roots. For if two 
roots are equal to each other, and the other two also equal, the 
(^urve will be a conic section with a straight line. 

2. Of the twelve Redundant Myperholas, havincj hvt one 
Diameter. 

If a redundant hyperbola has but one diameter, let its 
absciss be A B, and obtain the three roots or values of a; in the 
equation ax^+hcifi+ ex +d = 0. 

If all these roots are possible and of the same sign, the 
figure will consist of an oval lying within the asymptotic tri- 
angle, (fig, 22) and of three hyperbolas at its angles, viz, cir- 
cumscribed at the angle D, and inscribed at the angles d and 3. 
This is the 10th species. 
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If the two greater roots are equal, and the third of the same 
sign, the branches of the hyperbola lying towards D (fig, 23), 
will intersect one another in a node, on account of the contact 
of the oval. 

Tliis is the Uth species. 

If the three roots are equal, the hyperbola wilt be ciisped, 
without an oval (fig. 24). 

This is the 12tb species. 

If the two lesser roots are equal, the third being of the same 
sign, the oval vanishes to a point (fig. 26). 
This is the 13th species. 

In these last four cases, the hyperbola which lies towards 
D includes its asymptotes ; the other two lie within their 
asymptotes. 

If two roots are impossible, three pure hyperbolas will 
result, without oval, intersection, or cusp. Of this case there 
are four examples; viz. if the circumscribed hyperbola lies 
towards D, (fig. 25) ; if the inscribed hyperbola lies towards D, 
(fig. 26); if the circumscribed hyperbola lies beneath the base 
dd of the triangle Dd^, (fig. 27); if the inscribed hyperbola 
lies under the same base, (fig. 28). 

These are the 14tb, 15th, 16th, and 17th species. 

If two roots are equal, and the third differing in sign, the 
hyperbolas will be cruciform; viz. two of the three intersecting 
each other either at the vci'tcx of the asymptotic triangle or at 
its base, (fig. 29, 30). 

These are the 18th and 19th species. 

it two roots are unequal, and of the same sign, the third 
being of a different sign, two hyperbolas will result in the 
opposite angles of the two asymptotes, with an intermediate 
conchoid, which will either lie at the same side of its asymptote 
as the asymptotic triangle, (fig. 31), or on the contrary side, 
(fig. 32). 

These are the 20th and 21st species. 
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ENUMERATION OF CURVES. 



3. Of the two Hedundant Hyperbolas, with three Diameters. 

The redundant hyperbola, which has three diameters, con- 
sists of three hyperbolas included within their asymptotes, 
either at the angles of the asymptotic triangle (fig. 33), or at 
its sides (fig. 34). 

These are the 22d and 23^ species. 



4. Of the nine Redundant Hyperbolas, with three Asymptotes 
converging to a common point. 



If three asymptotes intersect one another in : 
point, the 5th and 6th species are changed to the 24th, (fig. 6) ; 
the 7th and 8th to the 25th, (fig. 35); the 9th to the 26th, 
(fig, 36), where the serpentine curve does not pass through the 
intersection of the asymptotes ; and to the 27th, where it passes 
through that point, (fig. 37), in which case the terms h and d 
are deficient; and the intersection of the asymptotes is the 
centre of the figure equally distant from all its opposite parts. 
These four species have no diameter. 

The 14th and 16th species are also changed to the 28th, 
(fig. 38) ; the 15th and 17th to the 29th, (fig. 39) ; the 18th 
and the 19tb to the 30tb, (fig. 40); the 20th and 21st to the 
31st, (fig. 41). These species have one diameter. 

Lastly, the 22d and 23d species are changed to the 32d 
species, which has three diameters, all passing through the 
intersection of the asymptotes, (fig. 42). 

All these changes are readily understood by conceiving the 
asymptotic triangle diminished till it vanishes to a point. 



5. Of the six Defective Hyperbolas, without a Diameter. 

Ifj in the case 1 of the equations, the term ax^ is negative, 
the curve will be a defective hyperbola with one asymptote, 
and only two infinite branches, extending by the side of that 
asymptote. This asymptote is the first and principal ordinate 
AG. If the term ey is not deficient, the figure will have no 
diameter; if deficient, it will have one diameter only. In tho 
former case the species will be as follows : — 
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When tiie roots of the equation 

ax* = bx^ + cx^ + dx + J- 

namely Asr, AP, Ap, Aot, are all possible and unequal, the 
curve will be a serpentine hyperbola, surrounding its asymptote 
in contrary fiexnrej together with a conjugate oval, (fig. 43). 
This is the 33d species. 

If the two middle roots AP, Ap (fig. 44), are equal, the 
serpentine and oval become joined, intersecting each other so 
ae to make a node. 

This is the 34th s 



If the three roots are equal, the node becomes a sharp cusp 
at the vertex of the serpentine hyperbola, (fig. 45). 
This is the 3Dth species. 

If the two greater of three roots with the same sign, {Ap, 
Aro, fig. 47,) are equal to each other, the ova] vanishes into a 
point. 

This is the 36th species. 

If any two roots are imaginary, there will only remain a 
pure serpentine hyperbola, without oval, intersection, cusp, or 
conjugate point. If this serpentine hyperbola does not pass 
through A, (fig. 46), the species is the 37th; but if it passes 
through A, (which happens when the terms b and d are de- 
ficient), then that point A will be the centre of the curve, and 
will bisect all straight lines terminated at each end by the 
curve, (fig. 47). 

This is the 38th species, 

G. Of the seven Hyperbolas, Defective, but having Diameters. 

In the case where the terra ey is deficient, and when on 
that account the curve has a diameter, if all the roots of the 
equation ax^ = bx^ + ex + d, viz., AT, At, Ar, (fig. 48), are 
real, unequal, and of the same sign, the curve will be a 
concho'idal hyperbola, with an oval at its convexity. 
This is the 39th species. 
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BNUMEHATION OF CUHVEB. 19 

If two roots are unequal, and of thi; same sign, tlie third 
being of a contrary sign, the oval will lie on the concave side 
of the conehoiid, (fig. 49). 

This is the 40th species. 

If the two lesser roots AT, Af (fig. 50), are equal, the third 
Ar being of the same sign, the oval and conchoid coalesce, 
intersecting each other in a node. 

This is the 41st species. 

If three roots are equal, the node becomes a cusp, and the 
curve is the cisso'id of the ancients, (iig. 51). 
This is the 42d species. 

If the two greater roots are equal, the third being of the 
same sign, the conchoid will have a conjugate point on its 
convex side, (fig. 52), 

This is the 43d species. 

If two roots being equal, the third have a contrary sign, 
the conchoid will have a conjugate point on its concave side, 
(fig- 53). 

This is the 44th species. 

If two roots are impossible, a pure conchoid results, without 
oval, node, cusp, or conjugate point, (figs. 52, 53). 
This is the 45th species. 

7. Of the seven Parabolic Hyperbolas, having no Diameter. 

Whenever, in the first cited case of equations, the term 
ax' is deficient, the term bx'^ being present, the curve will be 
a parabolic hyperbola with two hyperbolic branches to one 
asymptote SAG, and two parabolic branches converging 
towards one and the same side. If the term ey be present, the 
curve will have no diameter; if it bo deficient, then it will 
have one diameter. 

In the former ease the following species will result: — 
"When three roots A P. A^, Aw (fig. 54), of the equation 

bx^ + cx^ + dx + j = 
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are unequal, and of the same sign, the curve will consist of au 
oval and two other curvcB, part hyperbolic and part parabolic : 
that is, the parabolic branches will run into the hyperbolic 
branches next to tliem. 

This is the 46th species. 

If the two lesser roots are equal, the third being of the 
same sign, the oval and one of the two hyperbolo-paraholic 
branches become joined, and intersect each other in a node 
(fig. 55). 

This is the 47th species. 

If three roots are equal, this node becomes a cusp, (fig. 56). 
This is the 48th species. 

If the two greater roots are equal, and the third of the same 
sign, the oval vanishes into a conjugate point, (fig. 57). 
This is the 49th species. 

If two roots are impossible, the two hyperbolo-paraholic 
curves will be pare, without oval, intersection, cusp, or con- 
jugate point, (fig. 57, 58). 

This is the 50th species. 

If two roots are equal, the third of a contrary sign, the 
hyperbolo-paraholic curves will intersect one another cross- 
wise, (fig. 59). 

This is the 51st species. 

If two roots being unequal, and of the same sign, the third 
is of a contrary sign, the curve becomes a serpentine hyperbola 
about its asymptote, (fig, 60), with a conjugate parabola. 
This is tlie 52d species. 



8. Of the four Parabolic Hj/j)erliolas, having a Diameter, 

In the other case, (that is, where the term ey is deficient, 
md the figure has a diameter,) if two roots of the equation 

hx- + ex + (I — 
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are impossible, two hyperbolo-parabolic curves will result 

equally distant from each side of the diameter AB, (fig. 61). 

This 18 the 53d species. 

If in this equation two roots are real and equal, the hyper- 
bolo-parabolic curves unite, intersecting one another crosswise, 
(fig. 62). 

This is the 54tli species. 

If the roots are unequal and of the same sign, a conchoi'dal 
hyperbola will result, with a parabola on the same side of the 
asymptote, (fig. 63). 

Tbis is the 55th species. 

If the roots are of different signs, the concho'idal hyperbola 
and the parabola will be on different sides of the asymptote, 

(fie- 64). 

This is the 56th species. 

9. Of the four Hyperholisms of the Hyperholu. 

Whenever, in the first cited ease of the equations, botJi the 
terms az^ and Ix^ are deficient, the curve will be a hyperbolism 
of some conic section. I call it the hyperbolism of a curve, 
when the ordinate is found by applying the product of the 
ordinate of that curve, and a given straight line, to a common 
absciss. In this manner a straight line is turned into a conic 
hyperbola, and every conic section is turned into some curve, 
which I here call the hyperbolism of a conic section. 

For the equation to the curves of which we are speaking, 
(that is to say, xy'^ + ey = ex + d,) gives 



^ = — 2^ " 

which is formed by applying the product of the ordinate of Uie 

conic section 

e ± \/e- + 4 rfa: + 4 ex- 
____ 

and a given straight line •m, to the common absciss of the 
curves x. 
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i THIRD ORDER. 



From whence it appears tliat tlie curve will be a hyper- 
bolisin of the hyperboSa, ellipse, or parabola, according as the 
term ex is positive, negative, or zero. 

The hyperbolism of the hyperbola has three asymptotes, of 
which one is the prime and principal ordinate A tf, (fig. 65); the 
two others are parallel to the absciss AB, equally distant from 
it, and on each side of it. In the principal ordinate Ad, take 
Ad, A&, on each side equal to the quantity \/c; and through 
the points d and 3 draw d^, Sj, asymptotes parallel to the 
absciss AB. 

"Where the term ep is not deficient, the curve has no dia- 
meter: in this ease, if the two roots (AP, A^, fig. 65) of the 
equation ^ 

are possible and unequal (they cannot be equal unless the curve 
is a conic section), the curve will consist of three hyperbolas, 
opposite each other, of which one lies within the parallel 
asymptotes, and the other two outside of it. 
This is the 57th species. 

When these two roots are impossible, two opposite hyper- 
bolas result outside of the parallel asymptotes, and a hyperbolic 
serpentine curve inside of them. This curve is of a double 
species. For when the term d is not deficient, it has no centre, 
(fig. 66) ; but when the term d is deficient, the point A is the 
centre, (fig. 67). 

These are respectively the 58th and 59th species. 

But if the term ey is deficient, the curve will consist of 
three opposite hyperbolas, one of which lies within the parallel 
asymptotes, and the other two outside them, like the 67th 
species; and, besides, it has a diameter, which is the absciss 
AB, (fig. 68). 

This is the 60tli species. 

10. Of ike three Hyperbolisms of the Ellipse. 
The hyperbolism of the ellipse is expressed by this equation 
xy^ + e7j = cx + d 
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and has but one asymptote, namely, the principal ordinate Ad, 
(fig. 69). When the term ey is not deficient, the curve is a 
serpentine hyperbola without a diameter, and even without a 
centre, if the term d is not deficient. 

This is the 6Ist species. 

But if the term d is deficient, the figure has a centre, but 
no diameter, its centre being the point A, (fig. 70). 
This is the 62d species. 

If the term ey is deficient, and the term d not deficient, the 
curve is a conchoid to the asymptote AG, (fig. 71), and has a 
diameter without a centre, its diameter being the absciss AB. 
This is the S^d species. 

11. Of the two Hyperbolisms of the Parabola. 
A hyperbolism of the parabola is expressed by the equation 
xi/- + ey =! d 
and has two asymptotes, namely, the absciss AB and the 
prime or principal ordinate AO. The hyperbolas in this 
curve are two, not lying within the opposite angles of the 
asymptotes, but in the adjacent angles, on each side of the 
absciss AB, and either without a diameter, where the term ey 
is present, (fig. 72), or with a diameter where ey is deficient, 
(fig. 73). 

These two are the 64th and 65th species. 

12. Of the Trident. 
In the second cited case of the equations, we had the equation 

wy = aa:' + bw^ + cx + d 
In this case the curve will have four infinite branches, of 
which two are hyperbolic about the asymptote AG, (fig. 74), 
extending on contrary sides, and two are parabolic, converging 
and making with the other two a sort of trident-shaped figure. 
And this is the very parabolic curve by means of which Des 
Cartes constructed an equation of six dimensions. 
This is the 6Gth species. 
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13. Of the five Diverging Parabolas. 
In the third cited case of the equations we had the equation 



which indicates a parabola, whose branches are divergent with 
respect to each other, and extend to infinity towards contrary 
parts. The ahacisa AB is its diameter, and the species are the 
five following. 

If the roots of the equation, ax^ + hx'^ + cx + d = 0, are 
all possible, and unequal, Ar, AT, At, the curve will be a 
divergent hell-shaped parabola, with an oval at the vertex, 
(figs. 74, 75). 

This is the 67th apecies. 

If two of the roots are equal, the parabola becomes either 
nodate, by running into the oval, (fig. 77), or punctate, on 
account of the oval becoming infinitely small, (fig. 78). 
These two are the 68th and 69tb species. 

If the three roots are equal, the parabola will be cusped at 
the vertex, (fig. 80), and this is the Neilian parabola, commonly 
called the semieubic. 

This is the 70th species. 

If two roots are impossible, a pure bell-shaped parabola will 
result, (figs. 78, 79). 

This is the 71st species. 

14. Of the Cubic Parabola. 

In the fourth case cited of the equations, if the equation be 

y = ax^ + bx' + CX + d 

a parabola is indicated, having branches in contrary directions, 

and commonly called the cubic parabola, (fig. 81). 

Thus, altogether, the species arc 72. 
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The Generation of Curves by Shadows. 

If the shadows of curves caused hy a luminous point, be 
projected on an infinite plane, the shadows of conic sections 
wilt always ho conic sections; those of curves of the second 
genus will always he curves of the second genus ; those of the 
third genus will always he curves of the third genus ; and so 
on ad infinitum. 

And in the same manner as the circle, projecting its sha- 
dow, generates all the conic sections, so the five divergent 
paraholas, by their shadows, generate all other curves of the 
second genua. And thus some of the more simple curves of 
other genera might be found, which would form all curves of the 
same genus hy the projection of their shadows on a plane. 

Of Double Points in Curves. 

We have remarked that curves of the second genus can be 
cut hy a straight line in three points. Sometimes two of these 
points coincide; as in the case when the straight line passes 
through an mflnitely smalt oval, or through the intersection of 
two parts of the curve cutting each other, or meeting in a 
cusp. And whenever all the straight lines, extending in the 
direction of any infinite branch, cut the curve in only one 
point (as occurs in the ordinates of the Cartesian parabola, and 
of the cubic parabola, as well as in the straight lines of the 
absciss of the hyperbolisms of the hyperbola, and in the pa- 
rallel lines of the parabola), we must conceive that those 
straight lines pass through two other points in the curve at an 
infinite distance. Two intersections of this sort when they 
coincide, whether at a finite or at an infinite distance, we shall 
call a double point. Now the curves possessing a double 
point may be described by the help of the following theorems. 
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Section VI. 
Of the Organic Description of Curves. 

Theorem I. 

If (fig. 82) two angles of givon magnitude PAD, PBD, 
are made to rotate about the poles A, B, given in position, and 
their legs A P, BP, at their concourse P, move along a straight 
line, the concourse of the other two legs AD, BD, will de- 
scribe a conic section passing through the poles A, B ; except 
when the straight line in quc^stion passes through either pole A 
or B, and except when the angles BAD, ABD, vanish toge- 
ther; in which cases the point D will describe a straight line. 



If the legs AP, BP, at their point of concourse P, pass 
along a conic section running through either pole, A, the two 
other legs AD, BD, at their point of concourse D, (fig. 83), 
will describe a curve of the second genua, passing through the 
other pole B, and having a double point in the first pole A, 
through which the conic section passes; except when the 
angles BAD, ABD, vanish together; in which case the point 
D will describe another conic section passing through the pole A. 

Theor. III. 

But if the conic section, which the point P passes along, 
runs through neither of the poles. A, B, (fig. 84), the point P 
will describe a curve of the second genus, or one of the third 
genus, having a double point. This double point will be found 
at the point of concourse of the legs AB, BD, which describe 
the curve, when the angles BAP, ABP, vanish together. But 
the curve desci'ibed will be of the second genus, if the angles 
B A D, A B D, vanish together, otherwise it will be of the third 
genus, and will have two other double points at the poles A, B. 
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ORGANIC DESCHIPTION t 

To describe Conic Sections by five given Points. 

A conic section is determined when five points in it are 
given, and by them may thus he described. Let the five points 
be A, B, C, D, E (fig. 85). Join any three of them, A, B, C, 
and of the triiingle ABC let any two of the angles CAB, 
CBA, rotate about their vertices A, B, and when C, the inter- 
section of the two legs AC, BC, is successively applied to the 
two other points D, E, let the intersection of the remaining legs 
AB, B A, take place at the points P, Q. Let the straight line 
PQ be drawn and infinitely extended, and let the moveable 
angles be so rotated as that the intersection of the legs AB, 
B A, may run along the line P Q ; then C, the intersection of the 
remaining legs, will describe the conic section proposed by the 
first theorem. 



The Description of Curves of the Second Genus having a Double 
Point, hy means of Seven given Points. 

All curves of the second genus, having a double point, are 
determined where seven points in them are given, and may be 
described through those points as follows, one of these points 
being the double point; — Let any seven points ABCDEFG 
{fig. 86) in the curve to be described, he given, A being a double 
point. Join A, and any two other of the points, say B and C, 
and of the triangle ABC, let the angle CAB revolve about 
its vertex A, as well as either of the remaining angles ABC 
about its vertex B. And when the point C, being the con- 
course of the legs AC, BC, is successively applied to the four 
remaining points D, E, P, G ; let" the concourse of the other 
legs AB, BA, fall on the four points P, Q, R, S, Let a conic 
section now be described passing through the four points, and 
the fifth A; and let the aforesaid angles CAB, CBA, so 
rotate, that the concourse of their legs AB, BA, shall run 
along the said conic section, then the concourse of the re- 
maining legs AC, BC, will describe the curve proposed in the 
second theorem. 

If, instead of the point C, the straight line BC is given in 
position, which touches the curve to ho described in B, the 
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lines AD, AP, will coincide; and, instead of the angle DAP, 
there will be a right line to be rotated about the pole A. 

If the double point A be infinitely distant, the straight line 
must be drawn continually extending in the direction of that 
point, and be moved in parallel motion while the angle ABC 
revolves about the pole B. 

These curves may also be described somewhat differently 
by means of Theorem III,; but it is enough to have explained 
the more simple method here given. 

In like manner, curves of the third, fourth, and higher 
genera may be described ; not, indeed, all curves, but so many 
of them as by reason of some convenient relation, may be drawn 
by the motion of their loci. But to describe any curve whatever 
of the second or superior genus conveniently, when it has no 
double point, must be considered a very difficult problem. 
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Section VII. 

The Construction of Equations iy tlie Description of Curves. 

One of the uses of geometrical curves is, that by means of 
their intersections, the solution of problems may be effected. 
Let an equation of nine dimensions be proposed for con- 
struction. 

a;9* + bx' + cx^ + dx^ + ex'^ +fx^ + gx^ + hx + k = 
+ m 

Where b, c, d, &c, signify any given quantities whatever, 
with their signs + and — . Let the equation to the cubic 
parabola x^ = y, be assumed, and the first equation becomes, 
by the substitution of y for x^, 

y^ + hxy"^ + cy^ + dx^y + exy + my -^-fx^ + gx--^ hx + /i = 

which is an equation to a curve of the second genus. Where 
m, orf may be deficient, or may be assumed at pleasure. By 
the description of these curves, and their intersections, the roots 
of the equation to be constructed will be given. It will be 
enough to describe the cubic parabola once only. 

If the equation to be constructed be reduced to one of seven 
dimensions by the deficiency of the two last terms h x and k, 
the other curve, by destroying m, will have a double point at 
the beginning of the absciss, and hence may easily be described 
by the above rules. 

If the equation to be constructed, by the deficiency of the 
three last terms gx'^ + hx + k, be reduced to one of six dimen- 
sions, the other curve, by destroying/, becomes a conic section. 
And if, by the deficiency of the sis last terms, the equation 
be reduced to one of three dimensions, we come to Wallis's 
construction by means of the cubic parabola and straight line. 

Equations may also be constructed by means of the hyper- 
bolism of the parabola with a diameter. Thus, if an equation 
of nine dimensions wanting the last term, be to be constructed, 

a + cx'' + dx^ -\- ex'^ -Vfx^ +gx'-' + hu^ + hx'^ -\-lx'^ = 
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Let the equation to tho hyberbolism in question bo assumed 

x'ii = 1 
Then substituting y for ^, the equation becomes 
ay^ -^ cy^ + dxif + ey + fxy + m -Y g -^hx + kx"-\-lx^ = 

which indicates a curve of the second genus, by whose descrip- 
tion the problem will be solved. Here either the quantity m 
or g may he deficient or assumed at pleasure. 

By means of the cubic parabola and curves of the third 
genus, equations may also be constructed of all dimensions up 
to twelve, and by the same parabola and curves of the fourth 
genus, equations may be constructed up to fifteen dimensions, 
and so on ad infinitum. These curves of the third, fourth, and 
higher genera, may always be found by means of description 
through points ascertained by geometrical means. Thus, if the 
equation to be constructed he 

a:^^* ^-ax^" + hx^ -\-cx^-\-dx' +ex^ ■Yfx'- ■]-yx'^ + hz^ -\-ix^ -^-hx-k-l = 

and a cubic parabola be described, let the equation to that 
parabola be x^ = y, then substituting y for x^, tho equation to 
be constructed becomes 

/ + axy'' + cx"y^ +f3:'y + ix^ = 
+ h +dx +gx +kx 
+ e + A + / 

which is an equation to a curve of the third genus, by the 
description of which the problem may be solved. This curve 
may be described by finding its points by means of plane 
geometry, because the indeterminate quantity x does not rise 
to higher dimensions than two. 
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In the following notes the under men tbner] propositions are 
taken as proved : — 

1. In any algebraic curve, if one of the co-ordinates becomes 
eqnal to zero, so that one variable in the equation which defines 
the curve vanishes, the roots of the equation so reduced are the 
values of the corresponding co-ordinate. 

2. Infinite branches can only occur in pairs, the number of 
such branches is therefore always even. 

3- If an algebraic curve has no infinite branch, it is necessarily 
an oval, that is, it returns upon itself. 

4. The general indeterminate equation of the nth degree 
includes all the lines of the «th order, 

5. If n denote the dimensions of a curve, — — -i- will be the 

number of constants in the general equation, defining all the 
curves of the order n. 

Thus a straight line is determined by two points, its order being 

I ; a conic section by five points, its order being 2 : a cubic line 

by nine points, its order being 3, &c. 

6. Every algebraic curve may have as many asymptotes as 
there are dimensions in the equation expressing it. 
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Notes to Section J. 

On the Orders of Lines. 

Newton here inakes use of the word ' geometrical' in a limited Not* ^ 
sense in accordance with the meaning assigned to it by the '"'^ s- 
matheinaticians following Descartes, viz. as distinguishing lines 
which can be always indicated by an algebraical equation from 
those of which the equations are transcendental. There are many 
curves which can be cut by a straight line in only two points, 
but only one class of geometrical curves which can be so cut, 
namely, the conic sections. Curves, such as the catenary, &c., 
which admit of a straight ' line cutting them in only two points, 
but which CMinot be expressed by an algebraical equation in 
finite terms, were formerly called mechanical curves ; but this 
distinction of geometrical and mechanical, originally proposed 
by Descartes, has fallen into disuse, the division of curves into 
algebraical and transcendental being considered more appropriate. 
Neither has the distinction adopted by Newton between lines 
and curves been generally followed by other writei^, it being 
found more convenient to treat the straight line as a curve whose 
radins of curvatm-e is infinitely great, so that the classification 
of curve lines may proceed according to the dimensions of the 
equation expressing the relation of their co-ordinates, A curve 
of the first order will thus he indicated by a simple equation 
between two variables, a curve of tlie second order by a quadratic, 
a curve of tire third order by a cubic equation, and so on for the 
higher orders. 



" . . according to the number of points in which it can he cut hy a n. 
straight line" ni 

A line of the nth order is expressed by an equation of n di- 
men^ons which can have no more than n roots. A straight line 
therefore cannot cut a line of the nth OKler in more than n points 
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for let the general equation representing a line of the nth order 
be assumed, and let the equation to a straight line referred to tlie 



then at the points where the straight line intersects the cui-ve, the 
co-ordinates of the line and curve will be the same. Substituting 
the value of {?/), viz. a a- +h, in the general equation we have a 
resulting equation of the same dimensions, and therefore having 
the same number of roots as before, and tlieso roots when real 
represent the abscissas of the points of intersection. If loine of 
the roots are imaginary, there will be fewer points of intersection. 



"A line of the infutitesimal order i$ one which a straight line 
may cut in an infinite number of points, such as tfie spiral, cyeloid, 
quadratris;.^' 

It is obvious that the spiral and the cycloid (if we imagine its 
generating circle to be pei'petually rolling on) are curves which 
may be cut by a straight line in an infinite number of points. It 
is not so immediately obvious that the quaJratrix of the circle, 
which it is to be presumed is the curve alluded to by Newton, 
can be so cut. Indeed this curve, as it was known to the ancients, 
cannot be cut by a straight line in more than two points, because 
its inventor and those who followed him did not contemplate the 
continuance of the curve beyond the limits of its generating semi- 
circle. It was first shown by Vincent Leotaud, a Jesuit professor 
of mathematics in the college of Dole, about the year 1650, that 
by a more general consideration of the genesis of the curve it may 
become susceptible of two infinite branches, extending below the 
axis of a;, and limited by asymptotes parallel to the axis of ^, at 
distances — a, and 3 a from the origin, (a) being the radius of the 
circle used. (See his " Cyel/miathia seu de MuMpUd Circuli Con- 
tentflaOone" lib. iii.) If we imagine the rotation of the radius 
beyond 360°, the branches of the quadratrix become infinite in 
number as well as in extent : the curve is therefore one of infini- 
tesimal order. 

There ia another quadratrix of the circle, invented by Tschirn- 
hausen in the seventeenth century, which has no infinite bi'ancbes, 
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but still is a curves of infinitesimal order. Its equation is, (a) being 
the radius of the circle, 



From which we infer that the curve is compoaed of an infinite 
number of sinuosities, meeting the axis of x at intervals equal to 
the diameter of the circle ; for when x = 2na, ;/ = o, whatever 
value may be assigned to n; and thus a straight line may cut the 
curve iu an infinite number of pomta. 



JVotes to Section II. 



" Of Curves of the Second Genus, their Ordinates, Diameters, ^c." 

The proposition regarding the rectilinear diameters of lines of p'J 
the third order is, that if two parallel chords be drawn and be "' 
cut by a straight line, so that their sum on one side of it be equal 
to their sum on the other, then all lines drawn to meet the curve 
parallel to these will be cut by the straight line in the same 
manner. The proposition may be shown to be true for all 
algebraic curves thus, let 

Then, since in every equation the coefficient of the second term 
with its sign changed ia equal to the excess by which the sura of 
the positive exceeds the sum of the negative roots, where this term 
is deficient, it is an indication that the sum of the positive is equal 
to the sum of the negative roots, that is, in the curve represented 
by the equation, that the sum of the positive equals the sum of the 
negative ordinates. 

Let aj and an' represent any two values of the absciss cor- 
responding to intersectiona with two parallel ordinates, then the 
equation iu the two cases becomes 

7f~{ax + b)if~'+ ,..&c.=0, andT;"~(a,t' + i)y'-' + ...&c.=o 
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And since by hypothesis, in each case the sum of tlio positive 
equals the sum of the negative ordinates, 

<.ix + h = o, and aie' + b = o .-.a (x—x')'=o. 

Hence a and b also := o, showing that whatever value be as- 
signed to tho absciss, the coeflicient of the second term in the 
equation vanishes; in other words, the sum of the ordinates on 
each side of the rectilinear diameter is equal for all vahies of x. 



" The Intersection of two Diameters is the Centre. 

This definition is open to objection, for there may be a centre 
to a curve wiiich admits of no rectilmear diameter. For instance, 
the curve No. 38 of the enumeration, fig. 47, and some of the 
curves whose asymptotes intersect in a point, as fig. 37. A curve 
may be said to have a centre when every value of a radius vector 
has its equal and opposite value. In the ease of curves of un- 
even degree, this can only take place when the equation referred 
to the centre contains no term of even dimensions in x and y, the 
variables ; in the case of curves of even degree the central equation 
can contain no term of uneven dimensions in x and j/. To 
ascertain, therefore, whether a curve admits of a centre, it is 
suflicient to see whether the terms of odd (or even) dimensions of 
the variables can be exterminated by transforming the equation. 

The conditions of a centre existing, and its position, may be 
readily obtained by differantiation; foi instance, in the circle 
whose equation is 

If this equation be differentiated and the terms made sepa- 
rately = o, the result gives x-=a,y=0, the co-ordinates of the 
centre. In the case of a line of the third order, if the equation be 
twice differentiated, and the resulting terms made separately = o, 
tlie values obtained for w and y will indicate the conditions which 
determine the existence of a genera! centre. Thus, in the first 
case of the Newtonian equations. 



xif + ey= a.'c' + hx'^ + ex + tl 
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From the second differentiation we obtain 

(i)2.r = o, (2)4)/ = o, (3) (6aie + 2i) = o .-.^ = 0. 

And since d = o, also, the existence of a general centre depends 
on the conditions ft = o, d = o, and the centre must be the origin 
itself. 



" The sum of tJiose two segments of the secant whkh are drawn Not* to 
from any two asymptotes on the same side to tvx> points of the fi^ a. 
curve, toill be equal to Hie Hiird part which is drawn from the third 
asymptote on the contrary side to the tliird point of the citrve." 

In the figure, let AP he the diameter to the ordlnates PM, 
PM', PM"; therefore, PM + PM' = PM". 

Now at an infinite distance the cnrve coincides with its 
asymptote; therefore the points M and H, M' and H', M" and 
H" coincide, when the secant is supposed at an infinite distance ; 
so that PIF + PH t= PH", which eq^uation will be true for any 
position of the secant parallel to itself; 



. PM - PIl + PM' - PH' = 

PM"~PH", and 




HM - H'M' = H"M", ( 
HM = H'M' + H"M". 



Where there are three rectilinear asymptotes, the three 
branches of a curve cannot be all sitnated on the same side 
relatively to such asymptotes ; but 
if two branches lie beneath two 
asymptotes, the third lies above it. 
For instance, such a case as is 
represented in the figure is im- 
possible ; for the segments of the 
secant being all affected by the 
same sign, their sum will not be 
Clonal to o, as it should. 
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j,j,tg„ "In non-paraiolie curves of the second j^enus, the product of titree 

imi^io. ordinates is to the product of the abscissas of tlte diameter between 
(lie ordinates and the three vertices of the curve, in a given ratio." 

Let the absciss AM and ordinate MP each cut the curve in 
three points; the product of the ordinates, viz., Mw.Mtc-.MP 
will be to the product of the abscissas MK . MI . MH in an in- 
variable ratio ; the inclination of the axes being ^ven. 

In the general equation representing all lines of the third 
order, the last term, or tliat in which no power of y is involved. 



fx'—gx'^+ hx — k, 

is, by the theory of equations, equal to the product of all the 
roots. Therefore, 

M^.MiT.MP =fx^-gx--\-h!e-k. 




Let the three points in which tlie absciss cuts the curve be 
H, I, K: then A being the origin, AH, AI, A K, will be the 
values of x when y = o, and will represent the three roots of the 



This equation is formed by the three factors, ; 
X — AK, multiplied together ; that is, 



- AH,^- AI, 



= y(M. 



MH.MI.MK = fl!^-^+^~-^ 

or, the product of the ordinates between M and the 
the product of the abscisses between M and the ci 
invariable ratio /: i. 



Mot. MP); 
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A consideration of the general eijuation, without referring to 
geometrical ideas, leads to the same result, for in the equation 

ay^-i-bxy^-i-cic^y +d^+ erf+fxy + ff.v- + h.v + iy + k = o 

if a; and y are successively assumed = o 

af+ef + iy +k = 



(I) 



die^-hff.r' + hx + k^ 
The product of the roots of (i) is - 
and the product of the roots of {2) is -5 

They are therefore to each other in the in\ari<ili'p ratio d : a, 
which ratio will not be aifected by any change of oiigin, but 
will therefore remain the same for all axes of co-ordinates 
parallel to the axes assumed. 

We have only had occabion to notice the case in wMuh both 
absciss and ordinate meet the curve in three points; but suppose 
the absciss cuts the curve in only one point, and let that point be 
the origin, we have 



Hff.Mw.MP 



=/..-„.+*. =^K-j9"+(r5')) 




Take AO towards M = A, and draw CB perpendicular to 



/ if ■ 



since {■'-{-,) = CM', and 
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/. AM (CM= + CB^) or/. AM . BM^ = MP . Mw . M^. 

Therefore when the absciss meets a line of the third order in 
only one point, the product of the ordinates is to the product of 
the absciss multiplied by the square of a given line EM, in an 
invariable ratio. That the perpendicular B will always have a 
real value, appears from the consideration that whenever the 
absciss AM cuts the curve only once, the roots of the quadratic 

are necessarily imaginary, and therefore 4/ft > <?-, so that 
\/i,fh~-g^ is real. 

Even when the absciss does not meet the curve anywhere, 
in which case the equation for determining the abscisses is 

gx^ — Kx + it = o, h'' being < ^gh, 

the theorem still holds good, for a line may always be found 
such that its square shall be to the product of the ordinates in an 
invariable ratio. Thus let the absciss AM to the ordinate MP 
be assumed so as not to meet the curve. 

Take A B = - A, and draw tlie pei'pendicular B C H. With 

centre A, and radius y -, describe a circle determming the point 
C, then CM will be the required 
line. It is evident that the point C 
is fised, whatever may be the posi- 

-..^v tio"^ ^^ the point M in the absciss 

^^AM. 



See Cramer, Analyse des Lignes 
Courbes, ch. v., Madaurin, Lin. Geom. 
and Siirlin^s Commentary. 

" Of the Ratio of the Products of Oie Segments of Parallel iiVies." 

We have seen that where the absciss and ordinate each cut 
the curve in three points, the product of the three ordinates is to 
the product of the three abscisses in a given ratio. In the curve 
ABCD let the absciss and ordinate cut the curve in the points 
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V the parallel ordinate ANO. The product 
GB .GH. GD:GI.GK.GL:: 

MA . MN . MC : MI . MK . ML 

and drawing RO parallel to IL, we have 
for the same reason 

MA . MN . MC : MI . MK . ML : : 
PA.PN.PC-. PR.PQ.PO 
therefore 

GB.GH.GD:GI:GK.GL:: 
PA. PN .PC:PIl.PQ.PO 



which is the proposition in the text. 



"I define a hyperbolic branch as one which constanfli/ approaches Not- 
a parabolic hraneh to be tJiat which, aWiOugh infinite, nne 



Here it is to be understood that rectilinear asymptotes are 
spoken of, and the definition suggests a simple method of dis- 
tinguishing hyperbolic from parabolic branches, for if we express 
the ordinate to an infinite branch in the form of a series of 
descending powers of the absciss, and take all the terms of this 
series in which the exponent of ^ is positive or zero, then if the 
snm of these terms indicates a straight line, this straight line is an 
asymptote to the curve, which is therefore hyperbolic. If the sum 
of the above-mentioned terms does not indicate a straight line the 
curve is parabolic, 

Thus in the equation 

y^ + a,wy — x' = o 

the series for y will be 

)) = ^ ] — --- &c. 

J 3 Z^x-" 

where the sum of the terms of the series in which the exponent 



i positive or zero, viz. ; 



- -, indicates the ordinate of a 
3 



straight line, and the curve is therefore hyperbolic as to its branch. 
So in the equation 
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the series for y will be 



y = 



- &c. 



which is not indicative of a straight line, and therefore the branch 
will be parabolic. 

If the series for y commence with a negative power of x, as 

^ = ^ - ^'=- 
the branch of the curve will be iiyperbolic, for when a: is sup- 
posed infinitely great -^ becomes equivalent to o, and the branch 

coincides with the straight line y = o, that is, the absciss is itself 
an asymptote. 

Since several different series may be derived from one equation, 
and these series may commence with different terms, tha same 
curve may have both hyperbolic and parabolic branches. 



" The asymptote to any branch is therefore to be found by seeking 
for the tangent to a point in that branch at an infinite distance." 

This is the principle on which is founded the metliod 
usually given in modern treatises, for drawing the asymptotes to 
a curve whose equation is given ; for the limiting position of the 
tangent, when the point of contact is infinitely remote, becomes 
asymptotic : and if its position is unlimited there will be no recti- 
linear asymptote. 

There are, however, somelames more convenient metliods for 
determining the existence of the asymptotes of curve lines than 
this. The following is the method proposed by Stirling in his 
" Lineas tertJi ordinis Newtonianfe." 

Let the ordinate be reduced to the form 

ij = Aa!" + Bs:"-'- + Cw«-'- + &c., 

converging for large values of x. 

Assume a new ordinate, y', equal to all the initial terms of 
this series which are not diminished by the increase of x. Then 
the difference of these two ordinates as x increases must con- 
tinually diminish, and ultimately vanish ; therefore the branches 
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having the ordinates y and t/ to the same absciss x, will continually 
tend to coincidence, and ^ is the ordinate to the asymptote, whose 
equation is therefore given. 

This method enables us to perceive not only the nature of the 
asymptote, whether rectilinear or curvilinear, but also on which 
side of the curve it hea ; for if the first term in the series which is 
diminished by the increase of x, that is the first term which 
contains the inverse power of x, is positive, the asymptote lies 
between the curve and absciss, if not, then the asymptote lies on 
the other side of the curve from the absciss. 

And it wiil not be necessary in every case investigated, to 
have recui-rence to this particular series. For we may assume 
ies, applicable to all the curves included in the 
equation belonging to any order, and then we may 
construct a general canon which will be sulEcient for the in- 
vestigation of the asymptotes of all such curves. Thus let the 
general equation of the second order be 

A.f + Bxy + Gap- + D)/ + E,r + F = o. 

Let y = ax -Vb-V cW' + &c. 

Determining coefiicients, we shall have « = a root of the 
equation 

Aa'^ + B« + C = o, whence a is given 

_ Da + E _ Ab^ + Db + Y 

2aA + B' "" 2aA + B 

Again, if we assume the genera! equation of the 3d order, 

Ay^ + 'Bxf + Ca:'^y + X) m^ + 'Ey^ + Y 3!y + Gx'- + Ry + Kx + h = O 

which includes all lines of the 3d order whatever, then a will be 
a root of the equation 

Aa^ + Ba'^ + C« + D = o 

7 _ Aa^ + Ba + C 
"" 3Ea^ + 2"Fa + C 

_ ■jAa b^ + 'Rb^ + 'E.a b + Yb + Ha + K 
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From which expressions may be found the asymptotes of all 
these curves without further recourse to series. For a always 
gives the inclination of the asymptote to the absciss; b gives the 
distance between the origin and intersection of the asymptote 
with the absciss ; and c shows on which side of the asymptote 
lie the branches of the curve. 

The asymptotes of a curve may also be found by means of 
Newton's parallelogram, of which examples will be given in a 
subsequent part of this volume. 

Asymptotes of lines of an order superior to the conic sections 
may be cut by tJie curve, and the number of points in which 
they may so intersect the curve will be less by two than the 
dimensions of the equation of the curve. This may be shown as 
follows : — 

Let the equation to the curve be 

my" + {an: + b)y"'^ + (ex'' + dii; + e) if-^ + &e. = O 

If the curve has an asymptote parallel to the axis of i/, the 
term my^ will vanish, since m = o in this case, and the x to 
which this asymptotic ordinate corresponds, will be determined 

by the equation aa; + b = o, or a: = . Substituting which 

value in the equation to the curve, the term (a« + &) ^""^ will 
also vanish, and then the term 

cb^-dha+ea^ „ 



becomes the first t«rm in the equation. Therefore for the absciss 

, the equation whose roots determine the points where the 

asymptote and curve intersect, will be of n — 2 dimensions, and 
will not have more than n — 2 roots. The asymptote and curve 
can therefore intersect in ji — 2 points only. 

Cor. Thus a line of the third order can intersect its asymptote 
only once, i.e. each of the asymptotes may be once intersected by 
a branch, but only once. 

This theoiem admits of a simple geometrical illusti'ation, for 
let ABC represent a line of tho third order, which the straight 
line G B D cuts in three points. If the straight line be made to 
revolve on tho pole B until it becomes parallel to the asymptote 
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H L, it evidently mil intersect the curve in onJy 
two points, the point G going off to infinity. And 
if the straight line continuing parallel to the asymp- 
tote be now conceived to move towards the asymp- 
tote H L, vmtil coincidence takes place, the point of 
intersection D wiil also go off to infinity, and 
there will remain only B, in which the curve cuts 
the asymptote. 

From the property of the asymptote here ad- 
verted to, it follows that if we draw the ordinates 
to the curve parallel to it, they wHl cut the curve 
in one point less than the dimensions of the equation defining it. 

Thus an ordinate parallel to an asymptote of a line of the 
third order will only rise to quadratic dimensions, so that by a 
simple transformation we are enabled to describe any species 
whose branches are hyperbolic with facility, since to find the 
values of the ordinate to any point in the absciss, only the 
solution of a qviadratic is needed. 



Notes to Section III. 

" All Unes of the 1st, Zrd, 5t}i, 1th, or odd orders, have at least Note 
iioo infinite branches extmding in opposite directions." line 

Since impossible roots can only enter equations by pairs, it 
follows that every equation of an odd order, and therefore having 
an odd number of roots, must have one of those roots real. 
Therefore, however great the absciss belonging to such a curve 
he assumed, it must always have a real ordinate indicating a point 
in the curve, whose branch is consequeutly infinite. Also since 
the absciss may be assumed negative as well as positive, there 
will be a corresponding infinite branch on the negative side, and 
the curve has therefore at least two infinite branches. 

One pair of infinite branches, then, is the least number whicli 
a line of uneven order miist necessarily have, but it may have 
more than one pair, in fact as many pairs of branches as there are 
unities in the dimensions of the equation. 

Lines of the second, fourth, sixth, and even orders, on the 
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other liand, will frequently have no infinite branchesj the ordiiiates 
becoming impossible for any value of 
the absciss, positive or negative. Take, 
for example, the equation 

y'+2. fs!^ + a;* - 6 axy"- 2a.i'^ 
+ a^x^ = o 
whence 

y=± v^^ ± s/2aJ^^^ 
the four values of?/, corresponding to 
any given absciss of a line of the fourth 
order, are here shown, and are evi- 
dently made up of the sums and dif- 
ferences of the ordinates of the pa- 
rabola i/ = ± \/ax, and of the circle 
y = ±. \/a aw — ^, referred to the 
same axis and origin. 
Now since tlio circle cannot extend beyond its diameter, it is 
evident that the curve cannot extend beyond the extremity of 
the circle's diameter, and must therefore return upon itself; con- 
sequently it has no infinite branches ; the annexed figure repre- 
sents the course of the curve. 
Again the equation 

2y=± s/hx ~ x" ± \/6x + x^ ± (/36 — ic^ 

represents a line of the eighth order, having 
four positive and four negative ordinates to each 
absciss. And it is evident if ic is assumed either 
to be negative, or greater than 6, that then the 
ordinates will he imaginary, and that there are 
no infinite branches. The curve may be easily 
described by points, for we have the values of y 
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The figure shows the course of the curve; the example is 
taken from Euler's Analysis Infinitorum. 



Case I. of the j 

" If the branches be hyperholic, let GAS be their asymptote," ^c. ^^^\ 

fine 11 

The leduction of all bnes of the third order to foiir cases of 
equations!, is the basis upon which Newton has founded the whole 
system of the subsequent (.numeration ; he has, however, given no 
demonstiation of this lundimeiital principSe of his classification of 
these cuives. 

To demonatiate conclusively that it is always puisihle to 
reduce the geneial equation of the third order to one of the four 
cases pioposed, would be to exceed the limits of a note. The 
Fiench mtthematician Nicole, has taken the trouble to discuss 
all the equitions, thirty m number, which result from assuming 
eich of the teims ind combinations of terms in the general 
equation to vanish see " Memoire^ de 1' Academic," for the year 

1729, p 194 It will be enough here to state that be arrives at 

the same conclusions as those of Newton. 

Assuming then that the reduction in question can always be 

effected, we may proceed to show that the asymptote GAS and 

any chord ordinate C N parailel to it being given, the point which 

bisects this chord ordinate is the locus of a conic section, or else a 

straight line. 

When the general equation is referred to axes one of which is 

the given asymptote, any point in it, S being taken as the origin, 

it appears in the form 

xy'^ + {h x' + ex -\- d) y =fx^- + g.v'' + ks: + k, 
whence 



i Ifx^ + gw^ + hx + k /hx'' + ex + d\^ 



or for brevity write 1/ = P ± Q. 
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Let S K be the absciss to the ordinate KNC. 
Then KC = P+ Q, KN = P- Q, CN = 2Q. 
Bisect CN in D, and D will be the locus of a 
hyperbola, for K D = P, (D C & D N = ± Q) 



that is,«= - 



v + d 



', a hyperbola. 



When d = o, y = , an ectuation to 

a straight line, which explains the moaning of 
the author when he says, " It may be that this conic hyperbola 
coincides with its asymptotes, that is, the point X may fall in the 
straight line AB," 

When the term x is not found in the denominator, and 
y _ ^ ^_^ t^ljg bisecting line is a parabola, and the 

cuiTe is a parabolic hyperbola. 

If the hyperbola S* be referred to its asymptotes as axes, its 

equation will appear in the form / (= B D) = —7, where - is 

some constant quantity: and if the proposed curve be referred to 
the same axes, the sura of the positive and negative ordinates 



(BCandBN)= 2BD. For ' 



= BD- 
= BD- 



DC 

DC ' 



Therefore in the equation to the curve, -, will be the co- 
efficient of i/ in the transformed quadratic, and the form of it 
will be 



which agrees with the first case of the ef|uations given by Sir 
Isaac Newton. 



"In iJie c 
(fig. 5) the c 



of the first-mentioned ei^uation if a 
>B will he a tripk hyperbola with 6 



' IS positive 
; hyperbolic 
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branches progressing to infinity, alongside of 3 asymptotes no one of 
which is parallel to another" 

The proposed equation is 

■ey^ ~ ey = ais^ + hx'^ -\- c.c + d 

wlience is obtained 



I/ = ~ ± V aa-' + i-i' + « -t- - 



Expanding the irrational portion of tlie equation in a series, 
we have 

± — ± - ± &c.. 



the two values of the ordinate will therefore be, 

y = t^i + A^ + B^' + &c. (i) 
y=--~Kx~~Q»i'-&<i. (2) 



Examining the curve in the neighbourhood f tb o n 
from (i) we infer that when x = Q, y '\s, infinite nd tl f -e 
the axis of y is an asj-mptote. From {2) we f tl at the 

curve cuts this asymptote at a distance from th x of r 

This asymptote has two infinite branches of the curve along- 
side it, one on each side, in contrary directions. 

If X is continued infinitely in a positive direction, there will 
always be a positive and a negative value for y, whence we infer 
the existence of two more infinite branches. 

If X is negative the equation becomes 

— xy'^ — ei/ = — ax^ + hx"^ ~ ex ■]- d, 
or, 

XTf- + ey = ax'' — bw' + <:x — d. 
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Here also, when a: is continued infinitely, there will be two 
values for y, one positive and the other negative. The number 
of infinite branches will therefore be, in all, six. 

To show that no two of the asymptotes are parallel to one 
another, let t/ be reduced to a series converging for large values 
oiai, there will result 



the first two terms of tliese [ 
two straight lines, viz,. 



. indicating the equations to 



the existence of two rectilinear asymptotes, cutting the axis 
— from the origin, and making angles with 



of a^ at a distance 

this axis whose trigonometrical tangents 



3 ^/a and ~ \/a 
b 



ng 



Thus (in fig. 5) if A D = —and A t/. A <-, = 

Dd, D3, and producing Dd, Do, iZo, indefinitely, the three 
asymptotes of the six hyperbolic branches are apparent, and form 
a triangia When the term hx- is deficient in the equation, 



between the intersection of the asymptotes and the origin dis- 
appears, and the triangle becomes evanescent, the three asymptotes 
intersecting at a point. When this case occurs, the equation to 
the asymptotes will be represented by 



■, as in the text, BI" or B/: AB :: Va; i. 
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The geometrical signification of the serius for y will be evident 
by an inspection of fig. 5. 

± x ^/a is that part of B C or B c which = dS. 

± — , is the part of B C or Bo extending from the last-named 

point to the asymptote. 

The remainder of the series consists of terms containing de- 
scending powers of x, and is represented by the intercept between 
asymptote and curve, so that when ai is made infinite the third 
term of the series vanishes, the curve and its asymptote coinciding. 



"In everjf redundant hyperbola, if neither the tei'm ey he deficient, Notett 
nor 6^ — 4111; Zie equal to ± \ae -/a, the curve will have no lint is. 



Thepropositionput affirmatively is that all redmidanthyperbolas 
have a diameter (i) when e = 0,(2) when b^ — 400 =± j^ae\/a 



i/=± ■sj ax" + I 



The absciss here evidently bisects parallel chords, since the cor- 
responding positive and negative ordinates are equal. There is 

therefore a diameter. When x is assumed infinitely small, y = — r, 
and the exponent of le in the denominator being even, the infinite 
branches of the curve lie on the same side of the asymptote to 
which the ordinatea are taken parallel, and therefore cannot 
intersect it. 

It is a test of the existence of a diameter, that the curve does 
not intersect the asymptote which Is assumed to be parallel to the 
bisected ordinates. 
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Case II, when b- — ^ac ^± ^.ae Va. 



2 V« 
and the ordinate to the curve is 



: \ ffliK* + bx^ + c.v^ 



And these ordinates are equal at tlie point where the curve and 
asymptote intersect, therefore when y = y' 



\ad + 2 ^abe 



~ I/' — 4.ac — 4-ae s/ a 



is the value of the corresponding absciss. Here the condition 
b'' — 4-ae = 4.ae ^a renders tho denominator = o, and m is 
therefore infinite, that is, the curve and asymptote have no point 
of intersection. There is, consequently, a diameter in this case 
bisecting ordinates parallel to the asymptote assumed. 

It appears, then, that the redundant hyperbola admits of a 
diameter in the following three cases, 

when e = o 

when e = . — 



when e 



-\aG 



\<£ 



and it is evident that if the oi-dinates parallel to two of the 
asymptotes have a diameter, the ordinates parallel to the third 
asymptote will necessarily have one also, since of these three 
equations of condition, two cannot be true unless tlie third is also. 
There will therefore belong to the redundant hyperbolas, either 
one diameter, three diameters, or none. 
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In the dngrim the hiic'i A B, CD, E F, represent the three 
diambters of a ledundant hypeibola bisectiiijT 
ordinates parallel to the thiee asjmptntes 

The cm\e which has but one diimeter 
cuts the two asymptotes thiougli the iiitei- 
section of ■which the diametei passes, but not 
the third asymptote Thecm-ie thithas thiee 
dianieteia will not cut am <ji tW isjm]. t ites 




Diameters called ' absolute.'' 



It 



1 tl d fi t n 1 



gltl 
b 1 

h p t 
t any 
n ay b 



f 



nt al t an 
d t h uld 



ft t d by 



i 1 vaya 
k ng the 



d nt f 
d t t! t tl 
d a B t mu t 1 aj b 
h 1 t d a t tl t tl 
an 1 f b 

b gqaladtl i^t 
b t n f n d th t th 
n np fytdpp 

But it is not so with lines of the 3d order ; for although we 
may always make one of the uneven powers of y to disappear, by 
changing the direction of the ordinates, we cannot always make 
the other terms containing uneven powers of y to vanish contem- 
poraneously. But a curve line may be always drawn which shall 
ao divide the ordinates between it and the curve as that their 
algebraic sum may equal O, or that the sum of the positive 
products may equal the sum of the negative products of the roots. 
In the case of a lino of the 3d order this curvilinear diameter 
will be a conic section. In that of a line of the 4th order it will 
be a line of the 2d or 3d order, &c., as may he inferred also from 
the consideration that when the equation to any curve is arranged 
according to the powers of one of its variables commencing with 
the highest, the coefScient of the 2d term equated to o represents 
a straight line, that of the 3d term a conic section, that of the 4th 
term a line of the 3d order, &e. 

A curve may therefore have a diameter of any order inferior 
to its own, according as one or more of the coefficients in its 
equation duly arranged is zero. 
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Notes to Section IV. 



" W7ien a redundant kyperboia lias no diameter, let the four 
roots he found of Hie equaHon 

ax* + 6,r^ + c«^ + (?ic + - = " 
4 

It is necessary to find these four roots in order to obtain the 
limits within which the curve exists. Now the solution of 
Newton's first case of equations where all the terms are present 



which furnishes the two values of the ordinate y. 

The first term of the right-hand side of this equation indicates 
a hyperbolic diameter, while the second term represents the 
ordinates bisected by this hyperbolic diareieter. So that the 
existence and position of the curve depend upon the nature of 
the irratioual numerator ; hence the necessity of finding the four 
roots of the biquadratic. 

When the quantity under the quadratic vinculum = o, 
nothing but the intersection of the curve with the hyperbolic 
diameter is indicated in the equation which becomes 



but if the irrational quantity is greater than o, the ordinates have 
a real value, and corresponding points in the curve will exist; 
and when it is less than o, since the irrational quantity becomes 
imaginary, there will be no value of y corresponding to the value 
of X, and consequently no curve, for, as De Lagny remarks, the 
imaginary term " rend toute la formule imaginaire par une esp^ce 
de contagion qu'elle communique &, la partie r^elle." 

When wa have asceiiained these four roots we may proceed 
to determine the limits within which the cui-ve will be found, and 
thence to assign the species to which any individual equation 
refers; for proceeds the test. 
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" Let Ute roots be AP, Ats-, At, Ap, draw tlie ordinates PT, ki: 
wT, ^^,pt, then these will touch the curve, and, by touching, gi,ve^ia 
the limits of the curve." 

That isj smco the irrational quantity already refeired to nn> 
be positive, zero, or negative, and cannot pass from the jositi\e 
to the negative category, or vice versd, without intermediately 
becoming = o, we see that the point in the cun dine r d uneter 
where the ordinate passes from real to ima^maiy is the 1 lit 
between the existence and non-existence of the cuii e , so that tl e 
curve will be found on one side of this point, but ot on tl a 
other. The ordinate through this point, therefore, t hes tl e 



" If all the roots are real, unequal, and of the same sign, ike ^°^ 
cwve consists of three hyperbolas, inscribed, circumscribed, and am- 'i"" 
higen&m, and of an oval." 

Such ai'e the conditions necessary to constitute the first spe- 
cies. Let AP, At, Aw, Ap, represent the four real une(|ual 
roots which, measured in the same direttiuii from the origin A, 
will be of the same sign. Through P, 5r, w, p, draw lines parallel 
to the axis of y. These linei will divide space into regions, and 
also will touch the curve. If the cur^e existi in the region 
APT, it will not exist in the region PtI, it wiU be found in the 
region ^ctt, but will become imaginary in the region i^pt, beyond 
which it will accompany the asymptotes to infinity. 

Hence the portion of the curve in- 
cluded in the space ^rwi- is necessarily an 
oval, for if it had infinite branches, it would 
be possible to draw a straight line to cut 
the curve in four points, in which case it 
would not belong to the system of lines of 
the third order. Since each of the asymp- 
totes intersects the curve once, and only 
once, and since there is no rectihnear dia- 
meter, it necessarily follows that one hy- 
perbola is circumscribed and one ambigen 
consequently inscribed. 




IS, the third being 
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When the two greatest roots, or the two least, are equal, the 
oval becomes joined to the circumscribed hyperbola, and forms 
a node or folium, as it has been sometimes called, Nicole, 
who commenced writing an elaborate commentary on Newton's 
treatise on the enumeration of lines of the third order, which 
is printed in the " M^moires de I'Acadeniie," has fallen into 
the mistake of supposing that the oval is capable of uniting 
with the ambigenous hyperbola. It is evident from the diagram 
that this cannot be the case, for if it could occur, it would follow 
that a part of the oval might exist outside of the asymptotic 
triangle, which is impossible; and it is equally impossible that the 
ambigenous hyperbola should enter that triangle, its brancli being 
below the asymptote, to which it is inscribed. 

The circumscribed hyperbola, when it joins the oval, will 
always have its branches convex towards each other, otherwise a 
straight line might cnt the curve in more than three points. 

There is nothing in the remaining seven species of redundant 
hyperbolas suiSciently remarkable to call for particular notice. 

When two roots are equal, and the other two are also equal, 
the curve is no longer one of the third order, but is a combination 
of a straight hne with a conic section, for the quantity 






Y a 



+ 
18 in this cast' no longer irrational, and therefore the equation 

^y" + «y = aa;* + bx- + ca! + d 

is divided into two equations, one representing a straight line, and 
the other a conic. 

" 0/ the twelve redundant hyperbolas with one diameter." 

The term ey being deficient in the equation to these curves, 
the ordinate will be expressed by 



Here the absciss itself is a diameter, as appeal's from the 
double sign. 
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Newton has enumeratect twelve of tliese hyperbolas, and two 
more have been added to tbe number by Stirling. If in the 
figure an oval or conjugate point be supplied, these two additional 
curves will be described. The case is that in which the two 
lesser roots are real, while the hyperbolas consist of one inscribed 
and two amblgenous curves. 

There aro, therefore, according to the principle laid down by 
Sir Isaac Newton himself, fourteen redundant hyperbolas having 
one diameter. 

In the " Ladies' Diary" for 1788 a prize question is proposed 
in the following terms: — "Fig. 20 in Newton's Catalogue con- 
sists of two ambigenous hyperbolas at d and S, and one inscribed 
at D, witbout oval or conjugate point; but between these two 
there are five more curves, essentially different from either ; two 
of which have been described by Mr. Stirling, It is, therefore, 
required to determine the other three, with an example of a 
numerical equation for each." In the answers which were given 
to this challenge, the writers have been misled into the assump- 
tion that a difference in figure constitutes a difference in species. 
By assuming the roots so that tlie vertex of the hyperbola (fig, 
20) falls to the left of D, they argue that three additional curves 
may be added to the catalogue. From the numerical examples 
given, viz., — 

a^ff =: - a;5 -f i^x"^ + 17,1; -f 20 (roots — 2, — 4, — 10) 
xf = -0? +4«'^ + 17^.^+ 22i (roots ~3, — 3, — 10) 



all of which belong legitimately to Newton's species already enu- 
merated, it is evident that these three proposed curves are not 
"essentially different" from the e 



" Of ilw two hyperbolas having three diameters" Nc 

liu 

According to what has already been shown, the hyperbolas 
admitting of three diameters are represented by the first case of 
the equations, where e = 0, and Ij^ = ^ac. 
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B;f 



The equation in this ( 
oquiil (c), becomes 

wf = air^ + bj!^+ -—ie + d 

Sir L Newton appears to have omitted to consider all tlie 
cases of the roots of this equation, and has only taken notice of 
the curves which result from the case in which two of the roots 
are imaginary. Stirling, however, has pointed out that all three 
roots may be real, and that then the curve admits of an oval, or 
of a conjugate point, according as the two lesser roots are unequal 
or equal. No other case can arise with reference to the roots of 
the equation, for it is not possible that its two greater roots should 
be equal, neither is it possible they should be of different signs. 



" Of the nine redundant hyperbolas having three asymptotes 
converging to a point." 

When the three asymptotes converge to a point, the triangle 
formed by theii' intersection with one another is evanescent. The 
coefficient, b, \u the first case of the equations then becomes = o, 
and the equation resulting is 

*■/ — ej/ = ax^ + ex + d 

Tlie principal difference between these redundant hyperbolas 
and those which have been hitherto discussed is, that they, under 
no circumstances, admit of an oval, conjugate point, node, or 
cusp. For these can only occur within an asymptotic triangle, 
in the case of redundant hyperbolas. The nine species of this 
curve emimerated by Newton present no subject for remark. 



" Of tlie six defective hyperbolas without a diameter." 

In the first case of tlie equations, when the term ax^ is sup- 
posed to be negative, the equation solved for y, gives 



V-„ 



|- hx' + cx'^ + dx + - 
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Fro wl cl t aj pears that the cun'e admits of only two 
infinite b aj ches and t is, therefore, called defective by Newton ; 
for the c[uant ty unde the quadratic vinculum becomes impossible 
as soon as the fiist te n exceeds the remainder of the expression 
in the numerator, and cannot agEun become possible for any value 
of X. 

Since the curve which has no rectilinear diameter cuts its 
asymptote in one point, the infinite branches of these six defective 
hyperbolas lie on different sides of their asymptote. It is evident, 
also, that they admit of a hyperbolic diameter bisecting the oi-di- 
nat«s terminated by the curve, on which there may occur an 
oval, node, &c., according aa the roots of the irrational portion of 
the equation are equal or unequal to one another. 

The cahe wheie two of the looti are imposbible, and at the 
same time b and (? = o, is lemaikable, toi then tho curve has a 
centie, though it has no dnmetei The same curve when its 
equation bj a trinsformition oi a\ib assumes the tnim 



has been called by some writers a circle of the second order, 
because its equation may be conceived to be derived irom a 
property analogous to that of the circle. Thus, as the equation 
to the circle whose diameter is (a), is derived from the proportion, 

0; : y :: y : a-w, 

so in circles of the higher orders the equations are derived from 
the proportion, 

a:"" : f i: y : a-x. 

If K = 2, we have. 



an equation to the defective hyperbola under discussion. If 
« = 3, i/*=aiE'— «*, an equation to the lemniscate, and generally 
if (n) is an even number the curve will be infinite, if n be odd, the 
curve will he closed. 
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" Of the seven defective hyperbolas toitit a diameter.''^ 

These curves difter fioni the list six speaes onlj ly the 
deficiency in the equation defining them yf the teim ej binLe 
tliey possess an ab olute diametei thtir infinite "branches will not 
intersect the asjmjtote and wdl therefoie he on the sime side of 
it. The cissoid of the 'uicient^ which is one of these defective 
hyperholas, is a cuive of hiatoiicil inteiest having been invented 
either by Diodes or Hippiaa, foi the pin pose of hndmg two 
continued mean proportionals between two given lines 

In the Ariihmetica Universalis, Newton has gl^en a method of 
describing this curve by the continued motion of a slidmg rulei 
The curve may also be described by the veitet of i conic 
parabola made to roll upon an equal fixed paraboli, their vertices 
being supposed coincident at the commencement of the motion 
It is worthy of remark that any other point than the vertex in the 
rolling parabola, will trace out one of Newton's defective hyper- 
bolas. {See fig. 45), having a double point in the like point of the 
fixed parabola. 

The cissoid may also be described in the following manner by 
points. 

The infinite line A B 
■\ beingdrawn perpendicular 
\ to the diameter C D, and 
touching the circle in 0, 
/ let any number of lines be 
/ drawn from D to cut A B. 
Then measuring from the 
points of intersection with A B, lines equal to the corresponding 
chords, cut off the circle, as A I", G N, &c., the extremities of 
these lines will He in the curve of a cissoid. 

It is evident that all cissoids referred to the same asia are 
similar figures. 



" Of the seven paraloUc hyperbolas haidny no diameter." 

The equation to these curves differs only from that already 
discussed in the case of the redundant hyperbolas, inasmuch as the 
term ax^ is deficient. It then becomes. 
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a^if-~ey'=bx'^ + cx + d . . . (i) 

= ~ + ^ ba:^ + GX^-lrdx + ^- . . . (2) 



We draw the same inference from the expression for y when x 
is very small, as in the curves referred to, viz., that the axis of 1/ 
is an asymptote having two hyperbolic branches, one on each side 
of it, in contrary directions, and that this asymptote is intersected 
by one of the branches at a point above or below the origin, 
according as (e) is positive or negative, at a distance =— 

But if we expand ?/ in a series for large values of x, we shall 
no longer find rectilinear asymptotes, although the possibility of 
values for y continues to infinity. For it is evident, since the 
irrational q^aantity in the second member of the equation, when x 
approaches iniinity becomes ±\/bx, that the branches of the 
curve admit only of a curvilinear asymptote, and axe consequently 
parabolic. 

If in equation {2), x is supposed to be negative, the ordinate 
becomes imaginary as soon as the irrational portion of the equa- 
tion becomes negative, and hence there are no more infinite 
branches than the four already spoken of, namely, two hyperbolic 
having a rectilinear asymptote, and two parabolic, having a conic 
parabola for their asymptote whose parameter is b, and whose 
diameters are parallel to the axis of x. 
Expanding 7/ in a series we have. 



which shows that the asymptote parabola will be inside or outside 
of the parabolic branch, according as c is positive or negative. 

That this asymptote can only cut the curve twice, may be thus 
shovm. At the point where the curve and asymptote intersect, 

y=±.\/bx, whence ^=a;, is the corresponding value of the ab- 
scissa, substituting which value in the equation (i) we obtain 
another equation, 

~he±: ^/ b-e"- ~ ^hcd 
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wlijch does not give more than two values for y, aiid therefore 
there will he no moro than two points of intersection. When 
4cd>6e^, the equation determining the points of intei-section 
becomes impossible, that is, the parabola will not intersect the 
curve, but will lie entirely within its branches. When the para- 
bola intersects the curve twice, the points of intersection will lie 
on the same or on opposite sides of the absciss, according as c is 
positive or negative in sign. 

If the equation (r) be solved for «, it shows a parabolic 
diameter, bisecting chords pai-allel to the axis of ai. 



" Of the four faraholiK hyperbolas Itaviwj a diameter." 

The hjperbolo-parabolic curves which have a rectilinear 
diameter, as enumerated by Newton, are four in number. Their 
species being furnished by the cases in which the roots of the 



arc (i) impossible, (2) equal and of the same sign, (3) unequal and 
of the same sign, (4) of different signs. 

It is remarkable that neither Newton nor his commentator 
Stirling should have noticed that when the roots of this equation 
are possible, and (whether equal or unequal) of the same sign, 
the curve will differ according as that sign is positive or negativa 
So that there are in reality six hyperbolo-parabolic curves with a 
diameter. 

Thus when the roots are positive the equation will be of the 
form. 



an equation giving possible values for 1/, only on the s 
that X is measured on the positive side of the origin, for when x is 
taken negatively, the values of ± 1/ are all imaginai-y. 
But if the roots are negative, 
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Ytive this becomes, 



-J- 



■bx+c 



indicating certain limits between which a closed curve will exist 
on the negative side of the origin. Tlie fignre will be as shown. 

When tlie negative roots are eqaal, the 
oval becomes a conjugate point. I _^^^ 

This curve is the subject of a paper in ryjlL 

the Transactions of the Royal Society in the L-..,^^ 

year 1736, by Mr. Edmund Stone, a learned j[ ^'^^~^— 

mathematician of the time, who seems not to 
have been aware of the previous notice of the same curve by 
others. It appears to have been first observed upon and figured 
by Nicole in an article on Newton's Theory of Shadovrs, ]iub- 
lished in the Memoires de l'Acad6mie for the year 1731. The 
same curve was also known to N. Bemouilli, and in his " Usage de 
I'Analyse de Descartes," the Abb6 de Gua remarks the omission 
of it by Newton in his enumeration. 



Of the hyperboliama of the conic sections. ,,.' 

When the first case of the equations becomes still further 
simplified by the deficiency of the terms a.B^ and bx:% and is of 
the form, 

xf + eij=:ca! + d . . . (i) 

Newton calls the curves which are defined by it, hyperbolisms of 
the conic sections, because they may be generated from the ordi- 
nate of the hyperbola ellipse or parabola ; thus if A B represent a 
given line, the locus of the extremity of the ordinate tracing out 
the hypecbolism is found by multiplying the ordinate M P by the 
given line AB, and dividing the product by the common absciss 
AM. 



" Tn this manner a straight line is turned into a conic hyperbola," ^"1 
thus, if the straight lino be represented by j/ = .)-■ + c, and this 
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ordinate be multipHed by tlie given line a, and divided by the 

common absciss x, the equation to the new curve isy = 

which represents a hyperbola. 

In H!te manner where the ordinate of a conic section is, 

— e±\/e^ + ^dm + 4cjt" 



this being multiplied by a given straight line m, and divided by 
the common absciss .v, becomes 



z s/e"- + \dx 



for the ordinate to the hyperbolism. 

Case I. Where e > o, and c is positive. 

The axis of y is an asymptote having an infinite branch lying 
on each side of it, extending in contrary directions, as appears 
from expressing j/ in a series for small values of a;. If t/ be ex- 
panded in a series converging for large values of x, we have, 

, , d'^eJ e r, , ., 

y=±^/c±-^--^^^ + &c. ... (2) 

which indicates two parallel asymptotes above and below the axis 
of ^, at distances + ^/c, and — Vc. Whence it is evident that 
when c is negative those parallel asymptotes become imaginary, 
and when c=o, that they coalesce and form one line. 
The equation (i) solved for y giving. 



, I d ■ 
hy (! + - + - 



(3) 



shows a hyperbolic diameter having infinite branches of the curve 
on each side of it, whatever be the sign of x, also when tc = o, the 
ordinate is an asymptote having a branch on each side of it. 
There are therefore six branches, and the curve is consequently a 
hyperbolism of the hyperbola. Since the parallel asymptotes ai-e 
also parallel to the axis of w, they can never be intersected by tlie 
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Case 2, Where e = o, and c is positive. 

Here the ordinate = ± y c +— . 

The cnrve, since it has an absolute diameter, will not intfir- 
aect the asymptote Sd (fig. 68); and the infinite tranches will 
always lie on the outside of the parallel asymptotes when m is 
positive, but on the inside of them when ai is negative. This 
is evident, because the equation to the asymptotes is t/= ^/c, and 

Vn is always less than y c -i — , greater than y o . 

Case 3. Where e > o, and c is negative. 



The ordinate becomes = ± y — c -i 1 r. 

There is here only one pair of infinite branches cutting their 
asymptote; the parallel asymptotes become imaginary ; the curve 
is a hyperbolism of the ellipse, having hyperbolic diameters. 

Case 4, Where e = o, and c is negative. 

The infinite branches lie on the same side of tlie asymptotes, 
for there is now an absolute diameter. The form of the curve 
is capable of an infinite variety of figure, from a straight line 
coinciding in the asymptote to an elongated cusp-like curve, 
which occurs when d greatly exceeds c 

If the foci of the ellipse from which this curve is conceived 
to be generated coincide, so that tlio ellipse becomes a circle, the 
resulting hyperbolism is the same as the curve called the Witch, 
the invention of which has been generally attributed by modern 
writers to the celebrated female professor of mathematics in 
Bologna, Donna Maria Agnesi, A.D. 1740. It, however, does 
not appear, in the I^litiuAoni AnaJytiche of the authoress, that 
she advances any claim to the invention ; nor does she appear to 
have been responsible for the unmeaning name attached to the 
curve, for she speaks of it as the curve " volgarmente detto la 
Versiera." Her work, which abounds with examples of interesting 
and curious problems, was translated into English, and published. 
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after tlie death of the translator, Mr. Oolson, by Baron Maseres, 
in 1801. 

According to Agiiesi {Inst Anal Book I. Sect. 4), the Witch 
is thus generated: — "The semicircle ADO being given, required 
a point outside it, such that, drawing a perpendicular MB to the 
diameter, cutting the circle in D, we may have AB : BD = 
AC : BM. And because there will be an infinite number of 
points that will satisfy the problem, the locus of these points ia 
required." 

Thus, if AC = a, AB = ^, BM ^ y, BDx/^^^^^,' 

x:\/ a«— ic': : a: y, therefore 



= „7» 



which equation is the same as Newton's, where d = 

Case 5. "When e > o, and c = o. 
The equation is now 

«j/^ + ej/ = (?; whence y = 

When ic is positive, it is evident there are two infinite branches 
on each side of the axis of a:, extending in the same direction, 
and at an infinite distance coinciding with it. This apparent 
anomaly is explained by the consideration that since c = o, the 
two parallel asymptotes defined by j/ = ± V c, have come toge- 
ther, and the axis of x is consequently a double asymptote. 

The axis of y is also an asymptote, having infinite branches 
on different sides of it ; the curve, which is a hyperbolism of the 
parabola, is the only one of the third genus which has four 
branches only, all of the hyperbolic sort 

Case 6, When e = o, and c = 0. 

The equation is xy^ = d. 

Unlike the hyperbolism of the ellipse, this curve is susceptible 
of but one figure when referred to axes of given inclination. The 



y Google 



ENTTMEEATION Ot CUEyES. 67 

simplicity of its equation renders it useful in the construction 
of equations hj means of the intersection of curve-lines. The 
hjperbolism of a parabola with a diameter is called hy some 
writers the cubic hyperbola. 



The Second Case of the Equations. noi 

flu' 

The curve indicated hj the equation 

X}j= ax^ + hx'^ + ca: + d 

furnishes no subdivisions into species, and is easily discussed; 
for, since it gives 

it lb jlim th\t foi in\ ^ alne whatever, positive or negative, of 
the absciss, only one ■value of the ordinate can exist, on the 
supposition which i-, assumed, viz., that the ordinate is parallel 
to a lectilmear a-ivmptDte. 

When « = o, J/ is infinite, and therefore the axis of ?/ is an 
asymptote, having a branch extending in one direction ; and 
when — is = 0, there will bo anotlier branch in a contrary direc- 
tion, but these branches will not unite- 
When ^ = + 00, y = ax'', or the two remaining branches of 
the curve approach to a conic parabola, and as the values of x 
are continuous from + o to ± infinity, the parabolic branches 
unite with the hyperbolic. 

The ordinate to the parabolic asymptote is 



a.'e"^±bx + c±--, 

X 

the upper sign being taken when the roots are negative ; whence 
it appears that the asymptote on the positive side lies above the 
curve, and on the negative side below the curve, its position 
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being governed by tlie sign of ■-, tlie first term containing x in 

the denominator. It can therefore never cut the curve. 

Newton calls this single instance of a curve, corresponding 
to his second case of ec[uations, the " Cartesian parabola," becaiiae, 
as he says, Des Cartes by its assistance constructed an equation 
of six dimensions. 

The trident, aa it is also called, may be readily described by 
observing that the ordinate consists of the sum or difference of 
the ordinates of the parabola 

y ^ ax'' ± t.« + e, and tho hyperbola y = ± -, 

Des Cartes gives a method of describing tlie trident by con- 
tinuous motion, (See also Maclaurin's Geomeiria Organica.) 



Third Case of the Equations. 

TIic iive species enumerated as referable to the equation 

If = a^3 + hx"' -Vcx + d 

differ only in the finite part of the curve ; for, since 

y = ±\/a«' + hx~+ ex + d 

when X is very great, the terms following a«* may he neglected ; 
and it follows that the semicubic parabola represented by 
!/ = ± s/ ax^ is the asymptote to all the divergent parabolas. 
Newton calls this curve the " Neilian parabola," in com- 
pliment to Mr. W. Neil,* who first showed how to rectify the 
curve by means of the quadrature of a parabolic space. 



* Neil was bom iu 1637, waa educated afc Wadham College, Osford, and 
died in 1670. His discovery of tlie method for rectifying the semicubic 
parabola was made when lie was only nineteen. (See Phil. Troms. for 1673.) 
Neil's priority in thia discovery waa disputed, hut in Newton's opinion 
without reason. 
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"If two roots are impossible, a pure hell-shaped parabola will ^oi 
resuU (Jigs. 78, 79)." ''°' 

It may, however, happen that when two roots arc impos- 
sible, the figure of the curve in cLuestion is not bell-shaped 
(campanifonnis). 

Thus, suppose the equation made up of the factors 

X' + li^ = o, ,r + /c = o, 
so that it is 

/ = ar^ + hx^ -^h^x + kh"^, 

differentiating and assuming dy = o, we have 

■ix^ + 2kx + /r = o, or a;^ + - kx = , 

3 3 

solving the quadratic, 

x = -^h± jLk^-ih% 
3 9 3 

■which, when real, shows that there is a pair of maximum and a 
pair of minimum values for y, and therefore tlie 
curve cannot bo bell-shaped. The values obtained 
for X are those of the abscisses belonging to the 
points at which the tangent to the curve is paral- 
lel to the axis. Whenever, therefore, the irrational 
quantity is real, the parabola will not be bell- 

shaped. If - k^=- h", there will be a point of 

inflexion when x =■ —-^k, and the tangent at 
this point will be parallel to the axis. 

If a solid generated by the revolution of a semicubic parabola 
about its axis be cut by a plane, each of these five parabolas will 
result from the sections; for when the cutting plane is oblique to 
the axis, but falls below the vertex, the section is a diverging para- 
bola with an oval. When the plane passes through the vertex, 
this oval becomes a point ; when the plane both cuts and touches 
the surface of the solid, the section is a nodate parabola ; when 
the plane falls above the vertex, either parallel or oblique to the 
axis, the section is a pure parabola ; and when the plane passes 
through the axis, the section is the semicubic. 
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Fourth Case of tite Equations. 

y = ax'^ + bx'^-\- ux + d. 

Here, again, as in the case of the trident, we can have no 
more than one value for y, whatever may l)e the value of x, 
positive or negative. This case evidently admits of uo subdivision 
into species, for when the equation 

y = ax^ + h^ + CiC ± 1^ = o 

has real and unequal, or real and equal roots, &c., nothing is 
indicated except tiiat the curve cuts or touches the axis of x in 
certain points. The branches are evidently parabolic, and extend 
on each side of the axes ; the curve is called the cubic parabola. 
As the semicubic was the first curve which was rectified, so the 
cnbic parabola will probably be the last, a solution of the problem 
of its rectification being stQl a desideratum. 



" Thus altogetJier the species are 72." 

De Gua has remarked, in his review of Newton's enumeration, 
that before commencing it some definition should have been given 
to fix the meaning intended to be attached to the word " species;" 
and it would seem that the want of some sucli definition has been 
the cause of much criticism on the part of subsequent writers 
which might have been avoided. It would, perhaps, have been 
better to have classified the curves into species and subdivisions 
of species, in which case it might be easily shown that the species 
are at most not more than six or seven ; provided that Newton's 
own principle of classification be adopted, namely, the relation to 
one another of the roots of the equations considered, as referred to 
axes one of which is pai'allel to an asymptote. De Gua further 
observes that Newton has proceeded solely on the principle of con- 
sidering the number, position, and equations respectively of the 
maxima and minima of x without adopting the same course 
relatively to the maxima and minima ofy, although the axis o( x 
and that of y arc equally determinate straight lines, and in a sin - 
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gular position. And that if he had made the same observations 
on the masimmn and minimum values of y as he has done upon 
those of ic, the species i, 2, 3, 6, 10, 14, 15, 16, 22, and 28, might 
have been further subdivided, and consequently a much larger 
number of species enumerated. It is also a common observation 
of modern writers on algebraic geometry and the differential cal- 
culus, that Newton's enumeration is far from complete, and might 
be extended so as to include many more species. To which it 
may be replied, that his principle of classification is entirely arbi- 
trary, and that if we adopt that principle, it is in the highest 
degree improbable that the number of species could be increased, 
seeing that the ingenuity and research of mathematical writers for 
more than a century have failed to add more than six additional 
curves to the total number. It is worthy too of remark, that 
these six cun'es are difterent from already enumerated species, 
only by the addition of an oval or conjugate point. 

Both Cramer, and Euler in his "Analysis Infinitonim.," have 
given a classification of lines of the third order, depending upon a 
principle entirely different from Newton's, namely, upon a con- 
sideration of the nature and direction of the infinite parts of the 
curves. According to Cramer, there are fourteen different species, 
and, according to Euler, sixteen different species. Neither of them 
considers the existence of a conjugate oval or point as sufficient to 
constitute a separate species. This view of the subject may be 
less liable to logical objection than that which Newton has adopted, 
but it is not so well calculated to give a general idea of the varieties 
of which the different curves ai'e susceptible. 

In more modem times the same subject has been taken up with 
much elaboration of research by mathematicians in Germany, 
especially Pliicker, Mobius, Peters, I^ause, Beer, &c., but it is 
impossible to institute a comparison between the classification of 
curves adopted by these writers and the enumeration of Newton, 
because the former proceeds upon the assumption of a different 
system of co-ordinates, and a different notion of the genesis of 
curve lines. Pliicker gives a catalogue of 219 curves of the third 
order. According to the German writers, a curve is to be con- 
sidered as the envelope of a moveable right Una, and is classed 
according to the number of tangents to it which can be drawn 
through any given point. A line of the third order is thus a curve 
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of the sixth class, because sis tangents may be drawn to it from 
one point. 

Dr. Waring undertook the herculean task of the enumeration 
of lines of the fourth order upon the Newtonian system, and the 
result of his labours is published in his " Miscellanea Analytica," 
printed at Cambridge, 1762, He rettucea all lines of the fourth 
order to twelve cases of equations, beginning with the biquadratic 
parabola, of which there is only one species, and ending with the 
curve possessing four asymptotes, of which no less than 72,480 
varieties are specified. The total number of species he calculates at 
84,551. An interesting work on curves of the fourth order, con- 
taining many plates, entitled, "Tabulfe curvarum quarti ordinis 
symmetricarum asymptotis rectis et lineft fundamental! rect^ 
prsedi-tarum," was published in 1852 by Professor Augustus Beer, 
at Bonn, which is more likely to Ve useful to the student than 
Dr. Waring'a catalogue. 



Notes to Section V. 

The generation of curves hy shadows. 

The remarkable theoi-y so briefly enunciated in this fifth 
section appears to be substantially the same as that which is 
discussed at greater length in the 22d lemma of the Principia, 
in which it is proposed to ' transmute' any rectilinear or curvi- 
hnear figure into another of the same analytical order by means 
of the method of projections. This theory, as Newton has re- 
marked, is of considerable value in the solution of problems* 
which scarcely admit of being otherwise solved, and he has him- 
self made use of it in Prop, 25, 26, Book I. of the Principia. 

We premise the discussion of the principles on which the 
genesis of curves by shadows is founded, by the following 
definitions. 

* Inaervitautem hoc Lemma solution! difficiliorum Problematum trans- 
mntando figuraa propoaitas in siinplicioros. Pbin. 
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1. A plane of infinite extent being supposed, on which is 
delineated the curve which is proposed to be projected, this plane 
is called the "plane of the base." 

2. A second plane parallel to the plane of the base, is called 
.he " horizontal plane," 

3. A third plane cutting both these planes at any given angle, 
is called the " plane of projection," from its receiving the projection 
of the curve delineated on the first-named plane. 

4. A fourth plane is to be supposed, parallel to the third plane, 
at a finite distance from it. 

5. The line of intersection between the horizontal plane and 
the plane of projection is called the " horizontal line.'' 

6. Thelineof intersection between the plane of the base and the 
fourth plane is called the " directrix." Its position with regard to 
the curve to be projected determines the species of the projection. 

7. The line of intersection between the plane of projection and 
the plane of the base, is called the "line of the base." 

Cor. The horizontal line is parallel to the line of the base. 

8. If an infinite straight line is supposed to revolve about a 
fixed point P, situated in the line of intersection between the 
horizontal plane and the fourth plane, and is guided along the 
course of the curve delineated on the plane of the base, it will, by 
its intersection with the plane of projection, describe the projection 
of the given curve. 

9. A plane supposed to be drawn through this pole P, and 
perpendicular to the before-mentioned planes is called the "vertical 
plane," and its intersection with the horizontal plane is the " axis 
of projection;" the point in which the axis of projection meets the 
horizontal line is called the " centre of projection." 

Thus in the annexed 
figure A B C D repre" 
sents the plane of the 
base, GHEF the hori- 
zontal planeiDCEF the 
plane of projection, AB 
HG the fourth plane, 
AB the durectrix, CD 
the line of the base, E F 
the horizontal Uue, or, as 
■it is sometimes called, the 
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anti-djrcctris, P the pole, PN the axis of projection, and N tlie 
centre of projection. 

It is evident that several points in a straight line can only he 
projected on a plane hy as many points also in a straight line, 
and thence it follows that the outline of tlie shadow of any curve 
may be cut by a straight line precisely in as many points as the 
curve, of which it is the shadow, may be cut by a straight line ; 
and therefore the proposed curve and the projected curve are of 
the same degree. Moreover, the projection of the tangent or the 
asymptote, to any point whatever, is always either a tangent or 
an asymptote to the projection of this point; and the projection 
of tho axis of any curve will be tlie axis of the new curve. 

The curve may lie on either side of the directi'ix, or partly 
on one side, partly on the other. When this latter case arises, 
or when it touches the directrix, the point or points projected 
which cut or touch the directrix, go ofF to infinity. Thus, for 
example, suppose a circle delineated on the plane of the base, it is 
obvious that while it is placed to the right of the directrix, its 
projection will be thi-own on the plane of projection below the 
line of the base DC. When placed to the left of AB, its pro- 
jection will be thrown on the plane above FE, in cither case 
being an ellipse. If, however, it touches the directrix, the pro- 
jected curve will have infinite branches ultimately becoming 
parallel, and the curve will he a parabola; and if it is cut by the 
directrix, there will result four infinite hyperbolic branches, of 
which two will be above and two below the line of the base. 

Suppose now the curve delineated on the plane of the base is 
a semi-cubic parabola, lying wholly between the directrix and 
the line of the base, but without touching either, and having its 
axis at right angles to these lines, its ordinates parallel to them. 
The projection will talie the form of a cissoid. If tho cusp of 
the semi-cubic touch the directrix, the projected curve will 
consist of four hyperbolic branches, converging to one double 
and one single asymptote, viz., the cubic hyperbola ; and if the 
curve cuts the directrix in two points, each point of intersection 
will be projected as an asymptote, while the two branches of the 
semi-cubic itself will be projected towards a third asymptote, and 
the projection will constitute a redundant hyperbola, two of the 
hyperbohc curves being inscribed, and the third circumscribed 
and cusped (fig. 24). 
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We liave here supposed the simplest case which can occur, 
namely, that In which the axis is normal to the ordinatos and to 
the directrix, the curve itself having no points of inflexion or 
conjugate oval. The case in which the curve is more compli- 
cated and the directrix ohliqne to the axis, will he hereafter 
adverted to. 

We now proceed to show how tlie equation to the projection 
may he obtained from that of the generating curve, or vice mrsd. 
Assuming rectangular co-ordinates, let it he required to compare 
the curves (either of which may he considered aa the projection of 
the other,) ATB, AEB, where S represents the pole, LSCI, 




the vertical plane, Q, Q', the points in the two curves to which 
the ordinates PQ, P'Q', belong. Let I be taken as the origin in 
one curve, and L in the other. Let the axis CE of one curve be 
the projection of the axis CT of the other. Then by sim. tri. 
SPI, CPF, and the equality SI = LC, CI = SL, 

(LC + CPOLF : SI :: SL : IP, 

and calling the known lines SI and SL, m and m. 

Again, by sim. tri. SPQ, SP'Q', and the equality SI = LC, 

SP' : SP :: (LP' : SI) :i P'Q' : PQ, 
or X : ± m :■. y : ■^t 

whence we Iiave the two values a/ = — ^, «/ = , 
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wliicli, substituted in the equation of the given curve, nili pro- 
duce that of its projection. For example, let the equation given 
be 

y* = aaf^ + haf^ + cai' + d, 

tile equation to the projection will be 

d en 

This form of the equation &]iows that the projection will 
be some cucve of the third degree, not one of tlie divergent 
parabolas. 

The pi-opositioii we are now to discuss is, that as the pro- 
jection of the circle generates all conic sections, so that of the 
five divergent parabolas v/ill generate every one of the lines of 
the third order. 

Assuming that the curve whose projection is sought is de- 
lineated upon the plane of the base, the inclination of which, with 
the plane of projection, is given, and that its position, with re- 
ference to the directrix, is fixed in each case; then it will be seen 
that it is sufficient to know this position, in order to determine 
the species of the projected curve. It is evident that all the 
points of the curve will be projected on the plane of projection, 
save and except those points which are in the directrix itself, 
which latter wiU not be projected at all. The points infinitely 
near this line will be projected to an infinite distance, that on one 
side, in the direction of the positive ,r's, that ou the other, in the 
direction of the negative a^'s. Therefore, when the directrix cuts 
the curve, the projections of the points unmediately adjoinmg this 
line take the form of infinite hyperbolic branches to the right 
and left of a common asymptote, which is the projection of the 
tangent at the point intersected. But if the directrix only 
touches tile curve, tlie infinite branches will be botli positive or 
both negative in direction, and (except in the Ciise where the 
point touched is a cusp) parabolic. 

In the application of the foregoing remarks to the case of the 
projections of the five divergent parabolas, we shall first consider 
all the projections which can be furnished by the divergent para- 
bola with an ovaL (Fig. 75.) 



y Google 



GENEEATION OF CTHITSS BY SHADOWS. 7 7 

Case I. Where DX, tlie directrix, is parallel to tiiu ordinates 
of the curve. 

1. Let DX cut the axis outside the ciirve; the projection 
will tate the form of hyperbolic branches on the same side of 
their asymptote, and with an oval at their convexity. (Species 39, 

fig. 48.) 

2. Let DX touch the oval; the last projection will remain, 
with the exception that the oval will be converted into a parabola. 
(Species 55, %. 63.) 




3. Let DX cut the axis in unequal parts, as at line 3. Tlie 
conchoidal hyperbola remaining as before, the oval will be 
projected as two hyperbolas in the opposite angles of the two 
asymptotes. (Species 21, fig. 32.) 

4.. Let DX cut tlie oval in half; if tangents be drawn to 
the points where DX intersects, they will be parallel to each 
other; therefore their projection wiU be that of two asymptotes 
intersecting each other in the third asymptote; three hyperbolas. 
(Species 31, fig. 41.) 

5. Let DX cut the axis at 5; the asymptotes will form a 
triangle. (Species 20, fig. 31.) 

6. Let DX touch the oval. (Species 56, fig. 65.) 

7. Let DX cut the axis between the oval and vertex of the 
curve. (Species 4.0, fig. 49.) 

8. Let D X touch the parabola ; the projection takes the form 
of a curve not enumerated by Newton or by Stirling, having an 
oval on one side of the asymptote and a hyperbolo-parabolic 
curve on the other. 
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9. Let DX cut the parabola, Taut in the part where the curve 
is concave to the axis; the projection gives a species which has 
heen also overlooked hj Newton, though supplied by Stirling — 
namely, a ciu've comprising three hyperbolas, with an oval in 
the asymptotic triangle, two of the hyperbolas ambigenous and 
one inscribed. To obtain the projections of the asymptotes, draw 
a pair of tangents from the points where DX intersects the 
curve ; these will intersect in the axis, and also eacli cut the 
curve once. 

10. Let DX cut the parabola through the points of inflexion; 
the projection will also he a curve omitted by Newton, viz., three 
inscribed hyperbolas with an oval. 

11. Let DX cut the parabola where the curve is convex to 
the axis; the projected ciuve will consist of one circumscribed 
and two inscribed hyperbolas. (Species 10, fig. 22.) 

Case 2. When the directrix is oblique to the ordinates of 
the delineated curve. 

1. Let DX cut the parabola (without cutting or touching 
e the oval) in any point 

V, except one of inflexion ; 

-Oy\ a tangent to that point 

^\/\ will be projected as an 

^"^y ^ asymptote to the pro- 

s,*— „^_^^_^^ ^^^s, ^-^■"'''^ jected curve, which will 

~~"^^^^:^=^^\^,.-''''^ be a defective hyperbola 

^,,-''^^^==:;::;:^^g without a diameter, hav- 

*"■"" -----^ -■■r'N;^""' tcr^a^i ijig hyperbolic branches 

^^^ J \\ on each side of this 

' y/ G ^ asymptote, the point 

y^ where tlie branches in- 

tersect their asymptote being one of inflexion. (Species 33, 

% 43-) 

2. Let DX touch the oval, the other conditions remaining 
as in the last case; the serpentine hyperbola remains, the oval 
becomes a parabola, (Species 52, fig. 60.) 

3. Let DX cut the oval and the parabola also, and conceive 
tangents drawn from the points of intersection with the oval, so 
as to meet the tangent to the point in the pai-abola ; the tangents 
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will be projected as asymptotes, and the projection will consist 
of two inscribed hyperbolas and one serpentine hyperbola. 
(Species 9, fig. 20.) 

4. If the two tangents to the oval meet each other in the 
same point as that in which each intersects the third tangent, this 
point of intersection will be projected as a point of intersection of 
the three asymptotes; and the species in this case is tho 26th, 
fig. 36. 

5, Let DX, still cutting the parabola, also touch it; the 
projection will consist of both hyperbolic and parabolic branches 
and an oval, and the curve will have no diameter; the species 
will be the 46thj fig. 54. 

5. Let DX cut the parabola in three points ; tangents drawn 
through these points will be projected as three asymptotes, making 
a triangle within which will be the projected oval ; the resulting 
species will be the first (fig. 7), because it will consist of one 
circumscribed, one inscribed, and one ambigenous hyperbola ; the 
infinite branches of the parabola being projected in the form of 
a circumscribed hyperbola, the part of the parabola which cuts 
neither of the tangents being projected as an inscribed hyperbola, 
and the remaining part being projected as an ambigenous 
hyperbola. 

7. If DX coincides with the axis of the curve, tho asymp- 
totes of the projected curve intersect in a point, and tlie species 
is the 27th, fig. 37. 



We have next to consider the projections of the punctate 



Case I. Where the ordinates of tho delineated curve are 
parallel to the directrix. 

1. Let DX cut the axis outside P, the conjugate point; the 
species will be tlie 43d, fig. 52. 

2. Let DX cut the axis through the conjugate point; the 
species will be the 63d, fig. 71, 

3, Let DX cut the axis in a point between P and the vertex; 
the species will bo the 44th, fig. 53. 

4, Let it touch the parabola ; species not enumerated by 
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Newton or Stirling : a liyperbolo-paraljolic curve viith. conjugate 
point. 

5. Let it cut the parabola; species 13, fig. 25, and 25, fig. 35. 

Case 2. Where DX is not parallel to tlie ordinates of the 
given curva 

Let P be the conjugate point, T a point in tlie parabola on 
which DX is conceived to revolve £« on a pole. 

1. If DX passes through P, the conjugate point, P is not 
projected at all ; the equation consequently loses two dimensions, 
and the species is a hyperbolism of the ellipse. (Species 61, 
fig. 69.) 

2. If DX passes on either side of P without cutting the 
curve, the projection will be a serpentine hyperbola. (Species 36, 

fig- 47-) 

3. If DX touch the parabola, species 49, fig. 57. 

4. If DX cuts the parabola in three points, species 4, fig. 12. 

5. If the axis coincides with DX, the species is 62, fig. 70. 



Projections generated hy the' pure Divergent Parabola. 

Case I. Where tho ordinates of the given curve are parallel 
to DX. 

1. Let DX cut tho axis outside the curve; the projection 
will be species 45, figs. 52, 53. 

2. Let DX touch the parabola in the vertex ; the projection 
will be species 53, fig, 61. 

3. Let DX cut the parabola in two points where the curve 
is concave to the axis, but so that tangents to the points of inter- 
section meet in the axis, and also cut the infinite branches ; the 
projection will -conbist of two ambigenous and one inscribed 
hyperbola. (Species 15, fig. 26.) 

4. Let DX cut the curve through the points of inflexion; 
the projection will consist of three inscribed hyperbolas, corre- 
sponding to species 22, 23, or 32, figs. 33, 34, 42. 

5. Let DX cut the curve beyond the points of inflexion; 
the projection will be species 14, fig. 25. 
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Case 2. When the directrix is not parallel to the ordinates. 

1. LetDX cut the curve only once; the projection will be 
species 37, fig. 46. 

2. Let DX touch and cut the curve; the projection will be 
species 50, figs. 57, 58. 

3. Let DX cut tlie curve in three points. (Species 5, 
figs. 12, 13.) 

4. Let DX coincide with the axis. (Species 38, fig. 47.) 



Projectiom generated by the Noilate Parabola. 

Case 1. When the directrix is parallel to the ordiiiates of the 
given curve. 

1. Let DX cut the axis outside the curve. Projection, Spe- 
cies 41, fig. 50. 

2. Let it touch the folium. Projection, Species 54, fig. 62. 

3. 4, 5. Let it cut tlie folium, the projection will be three 
inscribed hyperbolas, two of which intersect one another. Species 
18, 19, 30, figs. 29, 30, 40. 

6. Let DX cut the point of intersection of the given curve. 
The projection will be a hyperbolism of the hyperbola. Species 
60, fig. 68 ; for the tajigents to the double point will be projected 
as two parallel asymptotes. 

7. Let DX cut the ciu-ve inside the node. Species 1 1, fig. 23. 

Case 2, Where the directrix is oblique to the ordinates. 

Suppose DX to revolve about T, a point in the curve, as a 
pole. 

1. Let it cut the curve once. Species 34, fig, 45. 

2. Let it touch the folium. Species 51, fig. 59. 

3. Let it cut the folium. Species 8, fig. 17, or Species 7, 
fig. 16. 

4. Let it cut the double point. The tangents at the double 
point will be projected as parallel asymptotes on the plane of 
projection. The figure will be a hyperbolism of the hyperbola 
without a diameter. Species 57, fig. 65. 
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5. Let DX be ft tangent passing through the double point 
of tlie node, tlie projection wOl consist of two parabolic and a 
hyperbohc branch extending in one direction, and of a hyper- 
bolic branch in the opposite direction. Species 66, or the trident, 
fig. 74. 

6. Lt'-t DX cut the branches in three points. Species 2, 
%8. 

7. Let DX touch one and cut the otlier branch. The pro- 
jection wiU consist of two liyperbolo-parabolic curves, one of 
which has a node. Species 47, fig, 55. 

8. Let DX pass through the double {joint, and cut the folium, 
the species will be 58 or 59, according as the dii'ectrix bisects the 
folium or not. Figs. 66, 67. 



Projections generated by the semi-cubio parabola. 

Case I. The three pi-ojections which ai'e the result of the case 
in which the ordinates are parallel to tlio directrix, have already 
been noticed. 

Case 2. When the ordinates of the given curve arc oblique to 
the directrix, 

1, Let DX cut the curve in one point, the projection will tie 
a serpentine cnsped !iyperbola. Species 35, fig. 45. 

2, Let it also pass through the cusp. The projection will be 
a hyperbolism of the parabola, without a diameter. Species 64, 
fig. 72. 

3, Let it cut the curve in three points. Species 3, fig. 10. 

4, Let it cut and touch the curve. Species 48, fig, 56. 

5, Let the directrix coincide with the axis. The projection 
will be a cubic parabola. Species 72, fig, 81. 

In the foregoing catalogue nearly all tlie Newtonian curves 
are accounted for, the exceptions being the i6th, 17th, 28th, and 
29th species, all of which may be generated from the divergent 
parabola whose equation has two impossible roots, the curve which 
generates these projections is, however, not bell-shaped, but rather 
of the form hy heralds called nebuly, the case in which this 
variety of parabola is produced has already been noticed. 
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Whenever it may be requii-ed from the given eijuation of 
any line of the third order, to find the equation of its projection, 
the inquiry wil! be assisted by recollecting that when the ordi- 
nates of the proposed curve are not parallel to the directrix, the 
projection will have no diameter, that whenever the directrix 
cuts the curve in three points, or in two points of which neither 
is a double point, the projection will be a redundant hyperbola, 
that whenever the directrix both cuts and touches the curve, the 
projection will be a hyperbolo-parabolic curve, that whenever 
the directrix cuts the curve in but one point, the generated 
projection will be a defective hyperbola intersecting its asymptote ; 
finally, that whenever the directrix does not cut the curve at all, 
the projection will be a defective hyperbola having branches on 
the same side of their asymptote. 

Ciairaut in his treatise, "Sur los courbes que I'on forme en 
coTipant une surface courbc quelconque par un plan donne de 
position," has treated this subject in a somewhat different manner. 
He supposes an immovable pole or luminous point, whence rays 
of light proceed, forming a cone of which the given curve is the 
base. And if one of the five divergent parabolas be assumed aa a 
base, he shows that all the sections which a plane can make with 
the cone thus formed, will be curves of the same order- 
To find all the different species which may be thus generated 
from the five cones of the third order, we must form the equation 
of the conical surface, and substituting in it the general equation 
to a plane, 

thence deduce all the different curves which may be expressed by 
the transformed equations. 

The subject has also been discussed in an elaborate paper by 
Nicole, in the M^moires de I'Acadfemie des Sciences, An 1731, 
under the title '' Maniere d'engendrer dans un corps solide toutes 
lea lignes du troisieme ordre." The conclusions at which he 
arrives are similar to those of Ciairaut, although dependent on a 
different mode of reasoning. 
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Notes to Section VI. 
" On the ortjanic description of curves." 

The demonstration of the first theorem in this section is given 
by Newton in the Principia, sect, v., lemma 21, and the subject 
is discussed further in the same section, prop. 22, &c. The reader 
may also with advantage consult Leslie's " Geometrical Analysis," 
Book II., Props. 5 to 12, where the description of conic sections lay 
means of Newton's rotating angles is investigated at length. Or if 
he desires to know how the problem may be solved by the help 
of the anharmonic properties of conies, he will find the subject 
discussed in Mr. Salmon's " Treatise on Conic Sections," p. 281, 
3d edition. 

We may remark that the species of the conic section which is 
traced by the intersection of the legs AD, ED (fig. 82), will 
depend on the position of the given guiding line. If the angular 
points are joined by a straight line AB, and on it the segment of 
a circle is described such as may contain the supplement to 4 right 
angles of the given angles PAD, PBD. 

Then if the guiding lino cuts the circle twice, the conic section 
traced will be a hyperbola; and this hyperbola will be equilateral 
in the case of the given straight line passing through the centre of 
the circle. If tlie guiding line touches the circle, the result will 
be a parabola, if it falls altogether outside of the circle, an ellipse, 
which becomes a circle when the guiding line is infinitely distant. 
Maelaurin has given a method by which curves may be traced, 
dependent on the same principle as that of the rotating angles, but 
which has the advantage of greater simplicity of construction. 
Instead of angles he makes use only of three straight lines made 
to revolve about fixed points as poles. 

By this method a conic section may he described which shall 
pass through any five given points (no three of which lie In the 
same straight line). See Maclaurin's Algebra, and his papers 
in the Phil. Transactions. See also Leslie's " Geometi'y of 
Curves," Prop. 11. 

Wo may observe that the number of tlio poles assumed is not 
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necessarily restricted to three, for if any„ number of poles be 
assumed having straight lines revolving on them, provided all the 
intersections but one are carried along given straight lines, that 
one will describe a conic section. The same observation holds 
good in the case of the rotation of angles about fixed poles, that is 
the curve described by the rotation of several angles, will not exceed 
a conic section, provided all tbo intersections of the legs except 
one, are carried along straight lines. 

The Theorems II. and III. of this section ai-e not of consider- 
able importance in the investigation of the properties of curves of 
the higher orders, and the reasoning on which the demonstration 
of their truth depends, does not admit of condensation within the 
limits of a note. Newton has given no demonstration of them, but 

an elaborate exposition and illustration of the subject is to be 

found in the Geometria Organica of Maclaurin, who has also 

given two other methods for the description of these lines in the 

same work. 

As regards lines of the third order, his methods may be gene- 
ralised by the enunciation of the following theorem. 

Two points in a plane C, and S, being given ; if a straight 

line SN, making with the straight line NIv a 

given angle SNL, revolve round S as a pole, 

and if the given angle F C O revolve about the 

pole C, then, if any two of the three points 

Q, P, N, in the quadrilateral OQPN are guided 

along straight lines given in position, the third 

will describe a line of the third order, having a double point 

in or S. 



Note to Section VII. 

" On the construction ofeguations hy the description of curves." 

" By the description of these curves, and their intersections, the ^"^ 
roots of Hie equation to he constructed mil be given." ^^ 

Suppose, for instance, it were required to find the roots of the 
equation of the fifth degree, 

«■+•'..■-«■--0 (!) 
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Assuming the parabola x'^= ay, the new equation is, 

csf + axy~a'=o (2) 

Let the curve indicated by tins equation be described as shown in 
the figure, it will be a hyperbolism of the hyperbola referred to 
OX, OY as axes. Let the parabola x"^ = ay be constructed to 
the same axes and origin, it will cut 
the branch of the hyperbohsm in B. 
Then drawing the perpendicular AB, 
A is the only real root belonging 
^^ \ / to the proposed equation ( i). 

■—7' *o """""Ta. ^ In the same manner might the root 
be found by the assumption of the 
equation to the hyperbola xy = a^, 
and the substitution of the valvie of k thus obtained in equation (i J. 
In this ease however the second equation becomes 

which indicates a semieubic parabola, and if this curve and also 
the hyperbola be described, as in the 
figure, the root is the same as before, 
viz., OA=(e. 

Our author remarks that there are - 
many problems whoso solution may 
be effected by the intersection of curve 
lines. Among these, is the celebrated 

Delian problem of the duplication of tlie cube, wiiich depends on 
the finding of two mean proportionals between two given quantities, 
viz., the side of the given cube, and the side of its double ; the 
first of the mean proportionals being. the side of the double cube, 
as was observed by Hippocrates of Chios 2000 years ago. 

The intersection of curve lines enables us to find any number 
of mean proportionals between two given quantities a, and b i for 
if a; be the first of them they will form the progression, 




, &c., 



If now two mean proportionals are wanted, the fourth term of 
the progression must be = h, and therefore we have. 
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—^■=.h, or lB^ =: a^6, or x* !=a''bie, 

by which the prohlem may be solved either by tho intersection of 
two parabolas, by that of a pai'ahola and hyperbola, or by that 
of a parabola and circle. 

Let it be rer[uired to find four mean proportionals, in which 
case 6 should be the sixth term of the progression, and the ei^uation 
to be solved is 

x^ — a*b = o, 

aBSuming the parabola A'^=aj/, the substitution gives for the locus, 

which is that of the cubic hyperbola. This curve being described, 
will necessarily cut the parabola in one point P, and the absciss 
which corresponds to the ordinate of the point of intersection 
P, will be the root req^uired, that is the first of the four mean pro- 
portionals, whence the others may be found. 

The root might also have been obtained through the means of 
the hyperbola aii/ = a'', by substituting in the original equation 
x^y'^ for a*, giving for the locus 



a semicubic necessarily intersecting the hyperbola in one point, 

If it be required to insert iLv mean proportionals between 
a and b, the intersection of two lines of the third order will solve 
the problem. Thus let x be the first of them. 



On the asos AC, AD with vertex A, describe the cubic 
parabola AGL, whose parameter AB = a, and the semicubic 
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parabok AGM, whcee parameter AF = 6, Let 6 be the point 
wlicrc the curves interseet, smd draw tlie ordinates EG, HG. 
In the cubic parabola, if AH = E G = .r, AE = HG = ?/ 

AB"-.AE = EG' .-. y = ~ .: j/^ = ^, 

111 the semicubic, ifAE-^HG = y, AH = EG = ^ 

AF.AH' = HGs .-. f = bx'' 

.'. a^ssa^hx'', or ic' = a^b 

whence we have EG = a: = tlie 6r9t of the required meana, and 
AE will represent the third, whence the rest maybe found. 

By the intersection of curve lines many other problems may bo 
solved, but as it is evident that the correctness of the result must 
depend on the graphical accuracy with which the curve lines can 
be described, the method must bo classed in the very numerous 
category of subjects which are more curious than useful. 



On the Analytical Parallelogram, 

Having brought to a conclusion the notes to the text of 
Sir I. Newton's enumeration of lines of the third order, we now 
propose to add some observations on the best method of distinguish- 
ing the species of any curve of which the equation is given. 
In ordinary practice it is usual to have recourse to the assistance 
of the differential calculus for this purpose, but another method 
founded upon the properties of the "analytical parallelogram," 
invented by Newton, may frequently be used with advantage, 
especially if the nature and direction of the asymptotes and infinite 
branches are the object of inquiry. It is indeed on this method 
that Cramer has founded most of the reasoning of his great work 
on curve lines, modestly entitled " Introduction k 1' Analyse des 
Lignes Courbes," in which curves of great inti-icacy up to the 
sixth order are discussed, and in which not only the infinite parts 
of the curves, but their singular points and maximum and mini- 
mum co-ordinates are found, without any reference to principles 
beyond those of ordinary algebra. The first notice of this in- 
vention appears in Newton's letter to Oldenburg, " de Seriebus 
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coiidendis et invertcndis," and was afterwards morn fully explained 
iii the Geometria Analytica. We proceed to consider this invention 
as applicable to tlie inv^tigation of curve lines, althongli that was 
not the original object its inventor was aiming at when lie first de- 
scribed it. 

It frec[Tiently happens that the equation of a curve is presented 
in a form requiring tedions transformations in order to enable us 
to ascertain the species to which it belongs. Whenever such a 
difficulty occurs, the analytical parallelogram will be found a 
useful coadjutor. The peculiar value indeed of this ingenious 
invention appears to have escaped the notice of modem elementary 
writers, who when they mention it, usually content themselves 
with describing its construction without adverting to the assistance 
it is calculated to afford the student in the discussion of the 
properties of algebraic curves, particularly of those whose equations 
are not easy solvable. What the differential calculus is to rhe 
finite parts of the curve, the analytical parallelogram may be R£ud 
to be with respect to the infinite portions of it, namely an impoi-tant 
aid in the abridgment of laborious inquiry; not that it supphes 
any information absolutely unattainable by other means, but that 
it enables a much more speedy conclusion to be attained than 
could by other methods be made available. 

The diagram annexed, which is taken from Sir I. Newton's 
Analytica," is sufficiently explanatory of the con- 
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struction of the parallelogram. It will be seen that the terms are 
placed ill the centre of each square and arranged in geometrical 
progression, not only in the vertical columnSj as well as the 
horizontal, hut also when taken in any straight line which passes 
through the centres of the cells or squares, for in any such cases 
the indices of « and y will he in arithmetical progression. E. g. 
In the terms y', y^a:, y^w°, yx^, the indices of i/ decreasing by the 
common difference 2, while the indices of x increase m the pro- 
gression of the natural numbers, the common ratio of the terras is 

— . It follows, that if any two terms be supposed equal, then 

all the terms in the same straight line with these terms will be 
equal, because, by supposing these two terms equal, the common 
ratio is supposed to be a ratio of equality, and, therefore, if we 
substitute for x, its value expressed in terms of y, the dimensions 
of»/ in all the terms in the straight line will be equal, while the 
dimensions of y in the terms above the straight line will be greater, 
the dimensions of y in the terms helmo the straight line will be 
less than its dimensions in that line. E. g. by supposing y''=yx\ 
we find J/* = ar^ whence x = y^. Substituting therefore y^ for m, 
the dimensions of y in the terms y', y^x, y^x-, yx^ will be 7, but 
the dimensions in all the terms above that line will be greater 
than, in all the terms below that line less than, 7. 

Hence it follows that if we write all the terms of an equation 
f(xy) = Q in their proper squares, and form a convex polygon 
by lines joining these terms, those sides of the polygon which are 
uppermost when the parallelogram is placed with AB horizontal 
will represent the equation when x; is assumed infinitely great, 
those sides which are undermost representing the equation when 
■r ia assumed infinitely smalL And if we desire to know the 
consequences of assuming y infinitely great or small, we have 
only to place the parallelogram with the side AC horizontal, and 
then to draw similar inferences. For if in an indeterminate 
equation, «, or y, is supposed infinite, the supposition renders 
certain terms of the equation infinitely greater than the re- 
maining terms, which latter may, therefore, be neglected, and 
thus the greater terms will constitute the whole equation. The 
polygon enables us to ascertain which are the terras to be 
selected as being effective for the required purpose, and which of 
them may be neglected as irrelevant to the object in view. 
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We may further observe, that wlien tliere are several upper 
or several lower sides to the polygon, each of such sides will 
have its peculiar significance, and by forming separate equations 
from each of them several results will be obtained for the same 
curve. 

But as the use of the 
amples than by 
illustrative cases. 



is better shown by ex- 
e shall proceed to give some 




Suppose the equation is a-'»/ + ai/^ — a'^x — 0, 

and it is required to ascertain the species to which | 

this equation belongs. Let the terms be marked on 

their proper squares on the parallelogram, as shown 

in the figure : if we desire to know the result of the 

hypothesis that x = co, let the diagram be placed 

with the column containing only y'a horizontal. The polygon will 

then show two upper sides, from which we form the equations 

io'Jy — <i«j! = o, or ay — a^=o (i) 

x^y + aif =0, or sf^ -\- ay = o (2) 

From (i) we obtain the hyperbolic branches which form the 
curve at infinity, positive and negative. 

(2.) No branch in the direction of the axis of at. 

Let the parallelogram be now placed with the row of *'s ho- 
rizontal, and the polygon then shows only one upper line, showing 
the consequence of y infinite, viz., 

x"y + ay^ = o, or ,«^ + a!( = O, 

which, when y is negative, indicates a 
parabola, the curvilinear asymptote 
to which the branch approaches. 
We therefore infer tho curve to be- 
long to one of the seven parabolic 
hyperbolas. Its figure will be as 




Example 2. Let 

.vy"-o?y-h''- 



m 



yGoosle 



Placing these terms in their sijuarea as before, there are two equa- 
tions obtainable, one for x infinite and one for y infinite, viz., 

xy'^ — b^:=o, representing the branches of the cubic hyper- 
bola when ic is infinite, 

X y- ~ a- 1/ = 0, or xy — a^ ■= o, representing hyperbolic 
branches when y is infinite. 

The curve is, therefore, a hyperboHsm of the parabola without 
a diameter, Species 64. 



Example 3. Let 

xif-— I2y + x^— 10,'v'' + Z^x = O. 

When X is infinite there is only one upper side to the 
polygon, viz., 

•K/+*'=o (t) 

shewing only imaginary branches. 



When 1/ is infinite, in addition to (i), 

xy"— izy = 0, or my — 11 = o (2) 

Tlie curve is evidently a defective hyperbola, species 33 of the 
enumeration. 

Example 4. Let 

xy'^ — ay- - ^axy + 2a''x = 0. 

X being supposed infinite we have 

xf~^axy + 2a^x=0, or y^-^ay + 20:^=0, |-|^-|^-^ 

whence y = a, and 2 a. (i) 

For y infinite the equation is xy^ — ay^ = o, whence x = a. (2) 
Equation (i) marks the existence of the two parallel recti- 
linear asymptotes corresponding to the ordinfttes a and 2a. 
Equation (2), « = «, likewise indicates an asymptote parallel to 
the ordinates at a distance = a from the origin. The curve is 
a hyperboHsm of the hyperbola. 
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In goneralj wlieiicvcr tlie curve admits 
of infinite branches and the side of the 
polygon is parallel to one of the sides of 
the parallelogram, we may infer the ex- 
istence of rectilinear asymptotos parallel to 
one or other of the axes. 



le 5. Let 



-a'lj 



- b^x = 




The upper side when x in mada infinite gives 

and when y is made infinite 

le'^f — a^y = O, or x^^ = a=, 

there are therefore four infinite branches, 

one on each aide of the positive axis of 

abscisses, and one on each side of the 

positive axis of ordinates. 

Example 6. Let the equation be 

J/' + 2x^y^ + x*-~ baxy'^—T.ax^ + a''x^ = o, 

X being infinite, the equation j/* + 2 x'^y^ + ,e* = o gives only 
imaginary results ; and the same remark being true for y infinite, 
it results that the curve has no infinite branch. See figure at 
page 46. 

In order more fully to exemplify the povr er of the analytical 
parallelogram, a few examples are here added, involving equations 
of higher dimensions. 

Example 7. In the equation 

/.jt - j/'a:= + Zys:^ - fx + 4J/ - 2a! = 0, 

it is required to find the number and nature of the infinite 
branches. First, assuming x infinite, 

(i) y^x-y^x''=o, ory=^x 
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shewing two infinite branches accompanying an asymptote cutting 
the axes at an angle of 45°. 

(2) 3i/fl;3-)/V = o, or3a! = /.-.j/= ± V3* 

two parabolic branches, above and below tlie axis of x, on the 
positive side. 



(3) 3^^* - 2 



r 3!/a;= -2 = 0,.-. y = 



two hyperbolic branches of the third order. 

Next assuming y to be infinite, in addition to the equations 
(i) and (2), we have 

fm +4J/ = o, ory^a; + 4 = o .-. ^ = -X 

whence the axis of y is itself an asymptote, having branches of 

the curve on each side, for the term ^ is negative for y positive, 

and positive for y negative. There are therefore eight infinite 
branches. 

Example 8. Let 
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The equations obtained when x is supposed infinite here, are 

(2) y''a^ — '>fa^=o, or*^^=i, .', y= 

(3) y'^x^-irx^'y =0, or2/ = - 

(4) ^''?/-3^= = o, oi'y = ^ 
When y is assumed infinite, besides (i), 

(5) y'x^ + iy*x = o, or« = ±V-^ 



(6) %yix~sf=o, oriK = -^j- 



(i) Inclicates a cubic parabola, the 
J asymptote of two branches of the curve, 

(z) A hyperbolic asymptote fumisli- 
-i5^^^__ ing two branches on the positive side. 
-;;^=-^^°^ (3) Positive and negative branches. 

(4) Two hyperbolic branches con- 
verging more closely to the axis than 
those of (2) or (3). 

(5) Two hyperbolic branches in the negative region of y. 

(6) Two hyperbolic branches. 

The curve has therefore apparently twelve infinite branches. 

Thus far we have not remarked upon the significance of the 
lower sides of the polygon, which give the consequences of m or y 
infinitely small, on the same principle that the upper sides shew 
the result of x or y infinitely great. However ingenious is the 
theory by which the singular points, maxima and minima ordi- 
nates, &c. of curves, are inferred from the equations obtainable 
from the lower sides of the polygon, yet, since the differential 
calculus is in general better adapted for the discussion of infinite- 
simal quantities, we shall not notice this use of the parallelogram, 
bnt proceed to advert to the case in which ncitlier x nor y is 
supposed to be infinite. 

The parallelogram is now supposed to be placud with its 
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angle downwards, and in that position it is evident that each 
row of terms read horizontally is composed of terms of the same 
dimensions. The lowest cell is occupied by a constant, viz., the 
absolute term; the first row consists of the terms of a simple 
equation, the second row consists of the terms of a quadratic, 
the third row of the terms of a cuhic, &c. This disposition of 
the terms furnishes several useful hints for the formation of rules 
for ascertaining tlie nature of the curve neai- the origin. Thus, 
when the lowest cell is vacant, we see that the curve passes 
through the origin ; when the first row also is vacant, there is 
a double point at tho origin , when the secon 1 or quadratic row 
is also vacant, there ia i tiqle joint at the oi gin when the tlurd 
row also, a quadruple point and bo on 

Again, to ascertain the diiectton of the uxv\e at the oiigin, 
that is, to draw a tangent theie we hi^e <nly to equite to zero 
the lowest row, and construct the stiught lino oi linos which 
this equation indicates. Such straight line oi hues wdl be 
tangent to the curve at the oiigm When the equation so 
determining the tangent shows that y=o the axis of v touches 
the curve ; if the roots of the tangential equation are imaginary, 
the series derivable thercfiom aio also imagmiry and m this 
case the origin is a ctnjugate point and if the roots of the 
equation are equal, theie is a double point at the oiigin, formed 
by the contact of two blanches haiing a common tangent, or 
rather the coincidence of two tmgents indicating (whete the lino 
is of the third order) a cusp 



For example, take the equation 

J/* — 2 J/* «'2 + ^ + 2 ai/^ic — 5 aa:' = 

The first and second rows are vacant when this equation is 
referred to the analytical parallelogram; there is, therefore, a triple 
point on the origin. The lowest row is 

which equated to o gives 

a'=0, ^1/2— .r 1/5=0, ;/ 1/2+ a.' 1/5=0 




y Google 



AHALTTICAL PAEALLELOGHAM. g7 

There are, therefore, three tangents, one of which is the axis of 
y, and the other two are determined by taking on the absciss \/2, 
the ordinates ± -^/5, and drawing straight lines from the oiigin to 
the extremities of the oiviiiiates. 

If the tangential equation is such as that it will divide one of 
the rows of terms superior to it, another inference may be drawn, 
viz., that the origin is a point of inflexion, and of a degree 
dependent upon the numl)er of superior rows which each root of 
the tangential equation will divide. 

Example. For the curve denoted hy x'^—axy—h''-y=o, the 
tangential equation is ~b''y=o, 01 y=o 

Tliis root, substituted in the second row, makes it also =0, 
whence tlie origin is a point of inflexion ; hut the tliird row is not 
divisible hjy=o, therefore the pomt of inflexion is simple. 



Example 2, Ir. the equation 

f + 2fx^-^ay^-^aa>^y + %a^y->-Sa'y=0 

(Cramer, Methode des Tangentes, § 185.) 

The first row — 8a^!/, gives y=o, which value, substituted in 
the superior rows, makes the second and third disappear, but not 
the fourth. The origin is, therefore, a point of double inflexion. 



If the point in question be not the origin, it is always possible 
to transpoit it thither by a transformation; and then, by a mere 
inspection of tlie analytic parallelogram, we can ascertain the 
simphcity or multiplicity of any assigned point, the direction of 
its tangent and the degree of its inflexion. This use of the 
Newtonian invention was first pointed out by the Abbe de Gua, 
in his Usage d' Analyse de Descartes. 

Another use which may be made of the Newtonian parallelo- 
gram consists in the development of equations by infinite series 
to be eflected by its means. This, indeed, was the object which 
the illustrious inventor had in view when he originally designed 
it, as may be seen in the explanation of its use to be found in his 
letter to Oldenburgh, and in the Geometria Anahjtica. This 
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use may be made available, as being supplemental to that which 
we have been discussing, for the investigation of curves, we shall 
therefore here shortly notice it. 

An algebraic equation in x and y being given, to find the 
value of y in terms of w, expressed in a descending series, the 
parallelogram is to be placed with the row without a; horizon- 
tal, and the first term of the series is to be obtained as has 
been already shown, the second and subsequent terms being 
obtained as is shown in the following example. And to find 
the first term of an ascending series, the equations must be formed 
from the lower sides of the polygon. Similarly, to obtain a series 
giving the value of le in terms of y, it is only necessary to place 
the row without y horizontal, and then proceed as before shown. 

For example, in the equation rn 

^~2xy+x^—2ay + aa!+a'^=-0 (i) I'l •!• 1 

to find the value of y in terms of x in an ascending series, the 
lower side of the triangle gives but one equation,?/^ — 2a!/ + a*=o, 
whence y=a, the first term of the series. 

To find the second terra, substitute this value + w, and apply 
the transformed equation to the analytical triangle arranged in 
powers of ic and w 



.-, u'^—ax—2ux + a)^ = o (2) 

and this, applied to the triangle, gives one lower side, viz. aa!=u% 
whence m= + a^a^, which is the second term of the series. 

To find the third terra of the series, substitute ±a'i)fi+ t for m 
in (2), and there results 

±2<^td + f±2a^X^ — 2t!>! + x'^ = (3) 

Before applying this equation to the triangle it is Hti 
necessary to insert the terms in which the exponent of tv rrT^ 
is — , midway between the squares x and tx, and that in which the 

exponent of a is - midway between the squai-es containing,!:^ and ^. 

The lower side will give ± 2a*(ic*±2a*j(-'^ = o, or t = ij;j which 
is the third term of the series, 
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If to find the fourth term of the series we substitute le + a for 
( in the equation (3) we only obtain an exponent for s whose value 
is less than that of the preceding one. There is therefore no 
fourth term, and the series is termmated, being 

y = n ± %/ax + iC 

Again tlie equation 

x^y + a^- ~ 2axy + ax'^ = 0, 

following the same process, furnishes the series, 

~ + I ^„^ 
''~ ~ '^ ~ a ia' ' ' ' 

possible only when x is negative. 
And the equation 

x^ + x'^y + ay^ — 7.(^y + a^ = O, 

famishes a series whose second term is imaginary, showing that 
it is not possible to express y in terms of a by an ascending series. 
If the equation be 



the series will be 



4 "4« 5'2a 

which is the example given by Newton, 

When it is desired to express m in terms of ^ by a descending 
series, the process for obtaining the first and subsequent terms of 
the series required, is precisely the same as that for obtaining the 
ascending series, with the exception that the upper sides of the 
analytical polygon are to be chosen, wherefrom to form the 
separate equations. 

Thus in example 7, from equation (i), the first term of a 
aeries descending by powers of «, and therefore converging the 
faster in proportion as ^ is assumed greater, was found to be y = x. 
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To find the second term of the series letx + u be substituted for y, 
where u is supposed to represent all the remaining tcrais of the 
series, and the traiisformod equation being placed on the parallelo- 
gram, gives one effective upper side, viz. 

u,-!^ + 3«* = o, whence y = — 3 

which is the second term of the series. 

Then assuming m = — 3 + t and again applying the trans- 
formed equation as before, and assuming x infinite, wo obtain t!ie 
third term of the series, which p 



.&c. 



whence the equation to the rectilinear asymptote is j/ = /v — 3, 
the negative sign of the third term shows that the branch ac- 
companying this asymptote is to be found on the lower side of tliis 
line while « is positive, and the upper side when w is negative. 

In the same example from equation (3) the first term of the 
descending series is y=+ 3' a;*, and proceedmg in the same 

manner as in the last case, the second term is found to be H — . 

4 
If another term of the series be calculated, tlie term x^ appears in 
the denominator. The series therefore shows that the branches 

approach a parabolic asymptote whose axis is the line y =■-■ 

So again in example 8, the first term of a descending series 
being found by equation (i), viz. t/5=iB', substituting in the 

equation ic' + w for y, the second term is found to be — — ^, 

whence it appears that the two branches of the curve converge to 
the branches of a cubic parabola, that in the positive region below 
the asymptote, that in the negative region, above it. 

The following rule will be found to abridge the labour 
necessary to adapt the transformed equations to the analytical 
parallelogram. * 

Multiply each term of the equation which contains y by the 
exponent of J in such term, and also by A«''the ascertained value 
of y when x is supposed infinite, and divide such term by y. A 
* Cramei', Analysa des Idgnes Courhca. 
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new row of terms being thus obtained, multiply each of tbem by 
Aa^the exponent of?/, by A.x^, and divide by y. A third row ia 

to be subjected to the same process, only that - the exponent of y 

is to be used, and so on until y no longer appears in the remaining 
terms. Collecting these terms and referring them to the analytical 
parallelogram, one of the upper sides will indicate the equation 
which gives the second term of the series, and this new value of y 
is to be used for finding the third term, the process being repeated 
according to the accuracy required. It is necessary to remember 
that here by y is intended " the remainder of the series." 



For example, in the first case of the Newtonian e 
aif •^ey — ax^~}>x''~Bas — d = o 



fc 



The first term of the series being ± ^ax, A = ± ^Ja, and 
A = I, then the process is as follows : — 

xy" + ey — ax^ — hx'^ ^ ex — d = o 
2 I o o o o 



1 i^ax^ydz e \/ax 
i o 



Collecting the terms, the equation is 
xy^ + ey — bx"— (c±e •/a) m ±2 s/ax'^y = < 

hence y = + , the second term of the series. 

^ 2^/«' 

xy'^ + ey — hx^— {c±.e V«) x ±1 s/ax'^y 
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Collecting tbe terms, the equation is 



whence)/ = U --- - — 

the series- 



Example 2. Let x'^ — axy+y^ = o 
Hei-e the first term is — ,^j . ■. A = — i, and h = 



I 3 



-3^* 



2yx^ 



Collecting terms, the equation becomes 

y' — axy + aai^~-ifji + 2yx^ = o 



3 


axy + 


ax 



-3S'» 


+ 3y^" 


"f 


3* 






-an' 



3 






3 




i 






o 
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Collcictiiig terms, tlic cciuatioii gives for tlic liigliest terms. 



3 
whence y = , the third term of the series. 



Tlterefore, « = - a> - - + ^^ . . . . &c. 

The reader who may desire further information relative to 
tlie important theorems deducible from the Newtonian paral- 
lelogram, will find the subject discussed at great length in 
Stewart's " Analysis by Equations Explained," published in 1745 ; 
and he is further referred to a paper on " Newton's Method of 
Co-ordinated Exponents," by Professor De Morgan, in the 
Transactions of the Cambridge Philosophical Society, vol. ix. 
part 4, as well as to the work of Cramer already cited. 

The method given aboveoffindingthe value of one co-ordinate 
in terms of the other by a descending aeries, is useful for deter- 
mining the asymptotes of curves, since the first two terms are 
generally all that need be computed. Previously to making use 
of this or any of the rules deri ved from the analytical parallelogram, 
it is desirable to notice whether the given equation is resolvable 
into factors, for in such a case it will represent only a combination 
of lines of an inferior order. 

It is also necessary to observe whether' the sum of the indices 
in the equation be the same in every term, for then lines joining 
the centres of the squares containing these terms on the ana- 
lytical parallelogram, will not form a polygon or triangle, but 
will lie in one straight line. In tliis case the locus consists of 
only straight lines. Thus if 



-txy^ +^3 = 



.dividing by a. 



The roots of which n 
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;herefc 


,rey = »,s = 


■V'-.j-' 


2 



allowing tliree straiglit lines passing through the origin, making 
the respective angles indicated with the axis of .r. 



Examples. 

The examples which follow are intended to ill^^strate the ap- 
plication of the foregoing rules, to the discussion of hncs of the 
third order, whose equations are given, 

Ex. I. Tlie ei^uation to the curve is 

if~a:^ — a^ = o 

Referring these terms to the analytical parallelogram we 
obtain for x infinite, 



The asymptote therefore passes through the origin and cuts the 
axis at an angle of 45°. The branches always lie above the 
asymptote, since the second term of the series is always positive. 
The curve has tlierefore a diameter. There being no multiple 
point indicated by the equation, and two of the roots being 
imaginary, the curve can be no other than the 45th of the 
enumeration. 

Ex. 2. The equation is att;^ +7;~a;^ = o 
The parallelogram here gives one equation for -r infinite and 
one for y infinite, viz. 

xy''-x^ = o, or ?/- = *■- (i) 

,>:f- + y =0, or,v*/=-l (2) 



yGoosle 



ANALtTIOAL TARALLELOGEAM. 105 

The series obtainable from (i) are 

showing two rectilinear asymptotes intersecting each other at right 
angles at the origin. From (2) the axis of 1/ is itself an asymptote. 
Solved for y, the equation gives 



y ~ — ~- ± V -V- ■] -, and for « negative, «= — ±\f w'+ • — - 

the curve is therefore similar on each side of the origin. 

When iP = Oj J/ = o and ± co. There are two real ordinates 
for every value of the absciss positive or negative. The curve 
will lie in the first and fourth quadrant below the asymptote, and 
in the second and third above it. There is a point of inflexion on 
the origin, and the four branches which do not pass through the 
origin are inscribed. 

The species is No. 27 of the enumeration. 

Ex. 3. The equation is x^ +a:'^i/ — a^ = o 

The axis of ^ is an asymptote, as also is the axis of i/, the in- 
finite branches being in each case on the positive side of the axis. 
There is a third asymptote passing through the origin, having 
branches below it. The equation shows there is no multiple 
point or point of inflexion. There are three diameters. 

The species is No. 32 of the enumeration. 

Ex. 4. The equation is ay^ — b x^ ~ x^ = o 

There is one pair of parabolic branches. The origin is a 
double point, which as the curve is possible on each side of it is a 
point of intersection. When ^ = — 6, j/ = 0, therefore there is a 
node on the negative side of the origin. There are maximum 
ordinates when x= — —. The equation giving the tangents at 
the point of intersection is 



1^/ah 
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The first terin gives tlio direction of the branches, and the second 
shows they are convex to the axis. 

The ciu-ve is a uodate pai'abola. Species 68. 

Ex. 5, Trace the curve whose ei^uation is 

4f - bxf + 2^' + 2a f + 4a^^ -h' = 

Applied to the analytical parallelogram, whetlier for a' or j/ 
infinite, the resnlting equation is 

/i.y°- — 6wy" + 2^-^ = 

which is resolvable into the factors 

4.1/ + 2 a; = 0, and y" — 2 xy -|- *■" = o 

whence y=~''~' y = ^^1 y = •'"i 



are the first terms of the series, showing the infinite branches. 
Calculating the second and third terms of these series according 
to the rule given, p. 100. 



hy-« 



(0 



bs/ -a.v 




From (i) we sec that an asymptote cuts the axis of x at an 
angle tan""' (— ^), and at a distance — a from the origin. The 
uneven power of x in the denominator of the thii-d term shews 
that on the positive side the curve will be above, on the negative 
side, below the asymptote. 

From (2) we infer that the parabolic branches indicated 
exist only in the negative region, for the series is imaginary 
when X is positive. The branches are outside the parabolic 
asymptote. The equation y = x±\/~ax, shews that the 
diameters of this parabola are inclined to the axis of ;c at an 
angle of 45». 
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The curve is a parabolic hyperbohi without a diameter. 
Species 50. 

Ex. 6. The eijuation is 

if-'Xf + ti)^y — x^ + af — 2a.vy + ^a.x"-2a^x = o 

The first term of the series obtained en the hypothesis that ^ is 
infinite, is j/ = ^; and proceeding according to the rule given at 
page 100, the second term is found to be —a, hut the third 
term is either or imaginary, so that when ,r is ± 00 the locus 
is the straight line 

Tliere is no branch of a curve either for x or y infinite, and 
therefore the ciiuatioii refers to no curve belonging to the enu- 
meration. Between o and 2 a there are three values for the 
ordinate to any assumed absciss, by calculating one or two of 
which it is easy to see that the remainder of the locus consists 
of the circle touching the axis of y at the origin, and having 
the radius a. 

Ex. 7. To compare the curves expressed by tlie equations 
y''{x~a) = x^{x + a) . . . (i) 
f{a-^) = xH'^ + a) ... (2) 
Expanding for the asymptotes in (i) tlie result is 

y=±(.x + a + ^^ + &C.) 

also J/ is infinite when a; = a. There are therefore three asymp- 
totes, of which two intersect each other, and the third is 
parallel to the axis of y. If the equation is referred to the 
analytical parallelogram with the angle downwards, the first two 
rows of terms are vacant, therefore the origin is a double 
point, which in this case is obviously a conjugate point, for y is 
imaginary on each side of it. The species is the 13th of the 
enumeration. 
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For the equation to iletermine tlio asymptotes in (2) we 
obtain 

.v>f + «' = O, or 1/- + a)'' = o 

showing that the two asymptotes which were real in (i) are 
imaginary in (2), hut the third asymptote indicated by a.- = a 
still remauis. 

The origin is in this curve, as in the former one, a double 
point, but it is now a point of intersection, since y is possible on 
each side of it The species is No, 41 of the enumeration. 

Ex.8. 

a;^+ 10 a)" + a: — f+ 10 = 

The asymptote is here a semicubic parabola. Since this equa- 
tion has but one real root, there is no oval node or conjugate 
point. When .c is positive the values of ± ?/ increase to 
infinity; when a) is negative and greater than 10, »/ is imaginary. 
Between the origin and the vertex there are both maxima and 
minima values for y; the figure of the branches is represented 



Ex. g. 



There is a double point when ^ = 2, the curve has six infinite 
branches, and is a cruciform hyperbola. Species 18, fig. 30. 



a;if + ^^4- ga:'— I2.« — 2Q = o 

For te infinite, the branches are imaginary. For y infinite 
there are two hyperbolic branches to the axis of j/ as asymptote. 
The absciss is a diameter; when « is negative there is a con- 
jugate oval. 

Species 40, fig, 49. 

Ex. 1 1. 



The asymptote cuts the axis at the point *■ = 3, making an angle 
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of 45° witli it. There are three points of inflexion, all in the 
axis of X, Yia., a: = o, .r = 3, « = 6. There is a general centre 
at the point « = 3, for the even power of ie disappears when the 
origin is transported thither. The axis of j/ is a tangent at the 
origin. The curve is a defective hyperbola with a centre, but 
no diameter. Species 38. 

Ex. 12. The curve is 

i/^— 2xif + x'^'i! — a"- = o 

When X is infinite there are two equations derivable, 

x^y-a^^o (i) and, f~2i>:f + ic''y=zo (2) 

From (1) we infer that the absciss is an asymptote, for the scries 
for t/ is 

'' '~ x" ' 

the curve being always above the asymptote. From (2) we 
infer tha.ty^—2/ey + /k'^=o, the factors of which are x — y,iB—y. 
There is therefore a double asymptote cutting the axis at an angle 
of 45°. The series obtainable from (2) are 7/ = j; ± -3 — &c., 
and therefore the curve exists above and below the double 
asymptote, but only in the positive region of ordinates. 

Sinco the curve does not intersect cither asymptote, it has a 
diameter, and therefore the species is the 65th. The double 
asymptote is, in this case, the diameter belonging to the ordinates 
drawn parallel to the axis of x. 

Ex. 13. The curve is 

,r/-.i:'^ + .i;-4i/ + 4 = o 
The series for y commence with 

y= -, and 1; = ± \/ * 

There are therefore hyperbolic as well as parabolic branches. 
Solved for y, the oqtiation gives 1/= -for the curvilinear diameter 
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bisecting chords parallel to the axis of y, and solved for x, the 
parabola 2x = if-Ar i,iathe curvilinear diameter to chords parallel 
to the axis of x. 

The curve is species 52 of the enumeration. 

Ex. 14. 

The curvilinear diameters arc tlie hypei'bole a!y= i, and the 
parabola 1/^ = 2^ + 3. There is a cusp at the point ;e = —i, 
y = —i. The species is numbered 48, fig. 56, 

Ex. 15. 

xy" ~ ^^ ~ 6 j; — 4y — 9 = O 

The turve is a parabolic hyperbola, species 47. There is a 
point of intersection when x = --i, y = — i, the axis of ar is a 
tangent at the point « = — 3, Tliere are curvilinear diameters 

corresponding to 2^ = »/^— 6, and 1/ = -. (I'ig- 55-) 

Ex. 16. To investigate all the curves expressed by the 
equation 

y^ ~ x"^ + ax'^ — h^ le ^ O 

The equation to the asymptote here, is y ^ x , when 

« = o the asymptote passes through the origin. 

There are only two iniinito branches, which when h'^ is greater 
or less than - a^, will he found cutting the asymptote, and there- 
fore extending on each side of it. When h^ = -a^ the ordinates 

3 
parallel to the asymptote will have a diameter, and in this case 
the branches lie wholly on one side of it, for when ■^h^ = a^, the 
distance determining the intersection of the curve with its asymp- 
tote is infinite. 

There will he a cusp in two cases, when t = o, and when 

,('= -/), in the hitter case the cusp will he on the axis of x, at a 
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distance = ~a from the origin. In the former case the cusp is 
at tlio origin. 

Tliere will exist a general centre in two cases, ist, when 
a = o, when the origin itself is a general centre, 2dly, when 
f)lfi = 2a^, in which case the general centre is on the axis at a 
distance = - from the origin. 

3 .... 

When 6 > 0, tliere is a point of inflexion at the origin. 

Since the proposed equation has two imaginary roots, except 
when the three roots are equal, the curve does not admit of oval 
or conjugate point. There are therefore only species 35, 37, 38, 
42, or 45 of the enumeration to which it can be referred. 

Ex. 17, Trace the curve 

The equation referred to the analytical parallelogram gives 
two effective equations for ar infinite, viz., 

x^ — x'^y=o, and j/'' — A-'y=:o 

whence x = y, and y^x^, indicating hyperbolic branches ap- 
proaching an asymptote which cuts the axis at an angle of 45°, 
and also parabolic branches approaching a parabolic asymptote, 
of which the axis of !/ is a diameter. 

Expressing y ia a. series, the terms are 1 ^ 

y = x + -^&c.. 



therefore the curve lies above the asymptote ; 
and since when 3; = o, ?/ = \/ —r^, showing that the positive and 
negative hyperbolic branches are not joined together, it follows 
that the parabolic branches join the hyperbolic branches. 
In this example if a' = o, the equation becomes 

f - xy— x^y -V x^ = o={y ~ £)(}j - a'') 

and the locus is a combination of the straight fine and parabola. 
The curve is tlie 53d of the enumeration. 
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If the term — le'^y is also deficient iu the equation, the curve 
is a diTergcnt parabola whose axis cuts the axis of x at an 
angle of 22^°, the branches lying on tho negative side of the 
origin, 

If the terms y'^ and —x^y are deficient, the curve is a trident. 



Examples of Propositions producing Loci of the 
Third Order, 



Ex. I. At equal distances from the centre of a circle, ordi- 
natea to AB, the diameter, as NR, MP, are drawn. Then Q, 
the intersection of AP with NR, is the locus of a line of the 
third order. 



By similar triangles, 
AN:NQ:: AM(=NB):MP 




multiplying by -^^, 



.MP-^-.^-^^-=NB.AN 

AN'^ 



KQ^.NB = AN3 



the locus of a cissoid, 
whose vertex is at A. 



(if AN = ^, NQ = y, AB = a), 

asymptote passes through B, and 



Ex. 2. I'rora one end of tlie diameter of a circle, straight 
lines as BA are drawn to meet the tangent at the other end. In 
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BA take AH always equal to the corresponding cliord BI. To 
find the locus of H, 



Let BG = a 



Since BI = AH, drawing IC, HD parallel to tho tangent, 
■we ]iave BC =DG, 

and BC:CI::BD:DH 

or X : s/ax — x"^ :\ a — x : y 

whence a:y'^= (a. ~- xy 

which represents a defective hyperhola having a diameter, and 
the three equal roots show that the locus is a cissoid proper. 

Ex. 3, Q, A, N, are three flagstaffs standing on a plane. 
A person at a distance views tliem apparently at equal distances 
apart, although they are in reality at unequal distances. What 
must be hk path on the supposition that he moves towards 
the middle flagstaff, always preserving equal apparent angular 
distances between it and the other two ? 

If Q, A, N, the three flagstaffs he in a straight line, draw PM 
perpendicular from P a point in the 
path. Join P Q, P A, P N, the angle 
QPN is bisected by PA. Let 

QA = a, AN = &, AM = ^,MP=i/ 
(byEuclid,VLB.)QP.PN = QA.AN + AP^ = «.= + «i+/(i) 
also, QP^ = ;/= + {« + .r)^ and FN'' = f+{b-^f 

.-. from (I) 
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QP'.PN«=(«<+oi + s')<={/ + (a + ..)'} {/ + (6-^)'} (2) 
which GcLuation reduced is 

„ a~h „ , il' — 6ab + h" „ , , , 

In the particular case supposed, viz., that the flagstaffs stand in a 
line with one another, the equation (3) represents a combination 
of a circle and straight line, but in any other case the locus will 
be a defective hyperbola passing through tlie origin, and having a 
loop passing through Q or N. 



Ex. 4. Two straight lines, A B, H D, intersect at right 
angles in C. The radius BI revolving on B cuts CD in H. 
CQ perpendicular to BI being drawn, to find the locus of the 
point which is determined by tailing on BI, HP always equal 
to QB. 

LotBC = CA=a. 



Then B being the pole, the polar 
-L—i equation is evidently 




To find the equation referred to rectangular axes, let A M=^, 
MP=y, tlien by similar triangles, 



BO.BP 
BM 




Ji 




CM.BP ( 


„-.,)^{2a 


-») 


+ J" 



BH.HP=.BG« 
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whence {a—x)^=a;^~ 4aa!= + 4a^^ 

The equation is that of a conclioidal hyperbola, wlioso asymp- 
tote passes through C. Thei'e is a point of inflexion when x=-a, 
and a conjugate point at B, therefore the species is 44, fig. 53, 

Ex. 5. A point D is taken on the diameter AB of a given 
circle, and any perpendicular NN'to AB being drawn, AN. AN' 
are joined. Through D, parallel to AN, AN', are drawnDP, DP'. 
Required tlic locus of P. 



Let AG = ^ AE = a 
GV=y AD=& 

Since AG^ : GN^ : ; DG^ : GP=, 



or isy'^ + x^ —(zb—a) x'' + {b" + 2ab)ai—alf=o 

The curve passes through E and twice through D, and its asymp- 
tote is the axis of 1/. Species 41, 
Cramer Analyse, p. 441. 




Ex. 6. The side BO of a right-angled triangle being pro- 
duced, a radius revolves on A as a pole. Required the locus of 
a point in the revolving line whose distance from the point of 
intersection, D, is equal to the distance of D from the vertex of 
the t: " 

AB=a 
EC = 6 
AF = ^ 
YV=y 



Draw FP perpendicular to AB 
PE toBD 
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By sim. tri. 



BD =^,.:C'D = 



which equation reduced gives as that of the locus, 

from which it appears that tho curve is a serpentine hyperbola 
without a diameter. When x = a, y=i, therefore the curve 
passes throiigh C, which is a double point, and there is a loop 
between A and C There is an asymptote when o: = za. 
The polar equation to this curve is obviously 

r = a sec 5 + a tan £) ± 6 



Ex. 7. The vertex of a nght angle slides on a straight line, 
AB, while one of its legs passes through a fixed point, H; to 
show that the intersection P of a perpendicular from a second 
fixed point, K, with the other leg, will be the locus of a line of 
the thmi order. 



Let HNQ be a position e 




the right angle; draw HA per- 
pendicular on AB, KP 
pei'pendicular on N Q, 
IKM parallel to AB, 
MPD perpendicular to 
I KM. 

LetKM=^,MP=i/, 
KI=«, Kl=h, HA=c 



Bysim.tri.KMP, NDP, HAN, NA=— , ND: 



_hy~f 
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E THIED OltrEH. 



hy" — if^x-y + axy — c,i-' 



This equation, applied to tlie analytical triangle, gives 

(i) cx'^~x"y^o, whence y=a, the equation to the asymptote. 
(2) —afy~^-=o, two impossible asymptotes. 



Hence the curve is a defective hyperbola; its species will 
depend on the relative position of AB, H, and K. If the line HK 
is drawn, and a semicircle described to the diameter HK, then, 
if AB intersects the semicircle twice, the curve is No. 34, a 
iiodate hyperbola. If AB touches the semicircle, the locus is a 
cusped hyperbola (No. 35) ; if AB is outside the semicircle, the 
cm-ve is a punctate hyperbola. Species 36. 

Maclaurin, Ge<ymn Org. p. 36, cor. 7. 



Ex. 8. The corner of a page being doubled down, so that the 
sum of the edges is constant, to show that the locus of the angular 
point is a line of the third order. 

Take tho edges for axes, and their intersection as the origin- 
Let KPD be any position of the doublisd part. Draw OCP, 
KCD, and let fall CB perpendicular to OIM, CI to OK. 



0M=«^ 


OB-i,r 




MP=!, 


BC=ij 




Since CD, 


OCK, are 


right- 


angled triangles. 






B0» = 


OB.BD, 




CP = 


01. IK. 






. OD=(OB + BD)= 



J^- + / 



., anclOK=(OI + IK)= 



2J 



butOD + OK!=conatant=a, 
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The locus represents the loop of a defective hyperbola, having 
a double point at O, and the axes touch the curve at O. Referred 
to polar co-ordiuatesj if OP=r, the equation is 



sec 6+ cosec d 



If OD . OK is constant, the locus represents a loop of a line 
of the fourth order, viz., a lemniscate, 

If, instead of the sides, it is the crease which is constant, the 
locus of the point P will bo the loop of a line of the sixth order ; 
forifr=OC, COD = (t 

Since KO + CD=constant=ffl, 

r cot 5+>' tan d=:a 

"" cot 5 + tan () 

or in rectangular co-ordinates (^ie''+y^y=a^x'^y' 

This is one of the cnrves called " the roses" by the Abbate 
Gruido Grandi, in his book called Flares Geometrki, wiiere its 
equation is given in the form 



Ex. 9. Tangents are drawn to a circle, cutting the diameter 
produced (as IB). From a point H, which divides the tangent 
in a given ratio m : w, a perpendicular to the tangent is drawn, 
which cuts the ordinate or ordinate produced, in P. To find the 
locus of the intersection P. 



Let A bo the centre 
of the circle. 




Let AM=A>, M.7=y, 
AI =a. 
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IjOCI OF THE THIGD ORBEE. 

Then, .inco AM : MI : : AI : IB, x:^-^^: : a :-v/S' 

iJsoBH: HI ::».:», .-.IB: HI ::«!+»:» 



■. HI = 






and Ijy s 



i.tri. AM: AI:: HI: IP; 



■. MP=y=v/a"-. 
or a Y 





,-v/i'-^' 




(»+»)»< 


«.V3^ 


=S 



in either case ; 



If ^ ^a,T/ is imaginary. The curve is therefore a defective 
hyperbola whose diameter coincides with AB, and whose asymp- 
tote passes through A. 

Ex. 10. The base and altitude of a triangle being given, to 
find the locus of the intersection of the bisectors of the base 
angles. 

Let ABC represent a position of the triangle; let AP, BP, 
bisecting the angles A, B, meet in P. 
Take the middle point of the base, O, 
as origin. 

LetOQ=a! 

PQ=j/=(a-^)tanPBA=(a + .'c)tanPAB 
CR=/=(«-y) tan CBA=(a + ffi') tan CAB 
AO = OB = «. 

Since by liypothesis CAB = 2PAB, and CBA=2PBA, 

„ . r. atanPAB ,, ^r. » 2 tan PEA 

tan CAB= „ „ > „ , and tan OBA= r — ^tttt^- 

i—tan'^PAB ' i— tan^PBA 
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from whence, by substituting these values, 

/ ^ 2y(<.+.r) ^„^^c= ^y(''--^ ) 

a+y (fl + ^/-!/''' rt-y (a-a))'^— / 

eliminating a^ and making j/, wliich is the constant altitude of the 
triangle= i, we have 

2 afij —if — 0:^—2 a'^y +a- = o 

Here, when m = ± a, t/ = o, whence the curve passes tlirongh 
A and E ; and if .v = o, 

showing that the curve exists below as well as above the axis 

Solving the equation for y, 

5 = ^<-a«±v/»<-(lo< +■)■»• + •■ + »■ 

wliich shows a parabolic diameter bisecting chords parallel to the 
axis of)/, and since the radical is always possible, if ^ is less than 
a, it follows that the curve is an oval, belonging to a parabolic 
hyperbola. 

The portions of the curve outside the triangle are the loci of 
the intersection of the bisectoi^ of the external angles of the 
triangle made by producing its sides, since the expressions 
already used for the co-ordinates of intersection still hold good. 

To find the infinite branches, let the equation be referred to 
the analytical parallelogram ; on the hypothesis of x infinite, we 
have 

zx'^y = x°', whence y — \ (i) 

ix^y ^ y'') whence 2.1^^ = i/ (2) 

From(i) it appears there is a rectilinear asymptote parallel to 
the axis of x, at a distance = \^- 

From (2) there is an asymptotic parabola, the axis of which is 
the axis of 1/. 



y Google 
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Solving the equation for w, we have 



r-^id'y- 



which being always possible for large positive values of)/, shows 
the existence of branches of the curve accompanying the asymp- 
tote to infinity. 

The curve here considered is not contained in Newton's enu- 
meration nor in Stirling's commentary, but is noticed in Nicole's 
paper on the projections of the divergent parabola with an oval, 
in the M4m. de VAcad&mie for the year 1731. See fig. at p. 63. 

Ex. II. The ordinate to the diameter of a circle is pro- 
duced to a point P, so that the rectangle -under the absciss 
and such produced ordinate, shall equal the rectangle under the 
diameter of the circle and its ordinate. To show tliat tiie locus 
of P is a line of the third order, "> 



Let 


AM = a. 




MQ = !/' 




AB =a 




MP =y 


By hypothesis. 


'v = «y 


and 


!/ = ± s/a'^ 


hence 


)/-iB + a?s!~a^ = 


The cum 


s Species 62, fig. 71. 



Ex. 12. Required the locus of intersections of the tangent 
to a pai'abola with the perpendicular on it from the origin at 
the vertex. 

The equation to the tangent of the parabola being 






(I) 
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that of a iDcrpendicular on it is 



(2) 



where ^, and y, ace the co-ordinates of tlie perpendicular on the 
tangent, aiid at their common intersection we have x' = jc,, and 
y' = y^ ; therefore 

.'/, = J (-■, + -) 



^ =-A we find x = -^-i- 
whence equation (i) becomes 

representing a cissoid wliose cusp is at the origin, and whose 
asymptote is the line x =■— a. 

If the origin he taken on some other point in the parahola 
than the vertex, the curve will he the 35th species, fig. 45, 

Ex, 13. Prom any point K of a right line AK given in 
position, straight lines KD, KO, are drawn to two fixed points 
C,D. In KD take KP, KP', each eq_ual to KC. The points 
P,P', will trace out a line of the third order. 

Draw DB (= «), 

CA (= h) 

perpendicular to AK. 

Let AB = c, 
DM=ic, MP = i/. 

From the similar triangles DMP, DBK, 

BK = ^, AK = c + "^, and CK^ = (c+"^y 



„ '^^ 


A. i 


^:;::--.! ,J \ 




"'•'~~~^\ 
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Also PK^ =( ^ -?,)' + (a _ ief, and CK= = PK" 

which equation belongs to a detective hyperbola without a dia- 
meter, having a conjugate oval passing through C and D. 
Equating the cubic terms to o, we have 

2ay^ — aiy'^ = o, or 2a = x 

which gives the rectilinear asymptote, passing through Y, if 
EF = a. 

It 13 a property of this curve that the straight line AK bisects 
all lines terminated by the curve, provided they al! meet in the 
point D. If the fixed points do not lie on the same side of the 
given straight line, the infinite branch will pass through one of 
the fixed points, and the oval through the other. 

The curve is species 33 of the enumeration. 

Ex. 14, If from any three points, linos bo drawn to in- 
tersect in a fourth point, so that one of them shall be always an 
arithmetic mean to the other two, to find the locus of the point of 
intersection. 

The locus required is the 29th, 33d, 34th, 40th, 41st, or 44th 
species of the enumeration. 

On the same hypothesis to find the locus, when the lines are 
drawn so that the rectangle under two of them shalJ equal the 
square of the third. 

The locus required is the 33d, 34.th, 37th, 40th, or 45th 
species, according as tho relative position of the three points 
varies, 

Leybourn's Mathematical Repository, vol. iii. p. 227. 

Ex. 15. A straight line parallel to the diagonal of a 
rhombus is drawn through one of its angular points. Required 
the locus of centres of a system of conic sections, each of which 
touches the line parallel to the diagonal, and passes through the 
remaining angular points of the rhombus. 
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The req^uired locus is a redundant hyperbola wliose asymp- 
totes form a triangle, with a cusp at the centre of the rhombus. 
Species 12, fig. 24.. 

Hearn's Researches on Curves of Oie Second Order, p. 4.5. 

Ex. 16. From a given point S in the diameter AB produced 
of a given circle, let any line be drawn cutting the circle in N 
and D, draw AD, BN intersecting in H. If in AD produced 
there is always taken DP = DH, to determine the curve traced 
by p. 

rrom S draw the tangent S T, then the perpendicular TG is 
given in position, and is the locus of H. 




LetAB = «, AG = 5, PAM = ^. 
Since AP = AD -i-DP = AD +DH = 2 AD- All 
we have if AP = g, AD = j- 

g = 2 )■ — 5 sec 5 . . . ( I ) 

but by the equation to the circle, r ~ a cos & 
Hence (i) becomes 

in rectangular co-ordinates, if AM = .v, MP = y 

(Species 41.) 

Ex. 17. To determine the species of the curve traced by the 
extremity of a portion of the linear sine of an angle 0, which is 
taken always equal to the linear tangent of half that angle. 
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By the hypothesis, y = tan - 



= W' 



which equation represents species 63 of the enumeration. 



Miscellaneous Problems having reference to Lines of 
the Third Order. 



Prob, I. To describe lines of the third order by continuous 
motion. 

Take a grooved ruler of sufficient length and let it revolve 
on the fixed pin A, while one end of it slides along a straight 
line BO, Let one end of a string of equal length with tlie ruler 
be fastened at the point E, pass over the sliding pin P, and being 
stretched along the ruler's edge, have its other end attached to 
the ruler's farther end. Then the point P will describe a line of 
the third order, whose species will depend on the position of tlie 
point R, 




Draw tlie 


per- 


pendiculars 


AB, 


PG, PM, 


RH, 


EI. 




Let AM = 


;c, 


MP = 


!!• 


AH = 




HK = 


4, 


AB = 


c 



y Google 



126 MISCELLANEOUS I'KOBI.EMS. 

Bysini. tii. APM, PCG, 
AM: AP : : PG : PC = PK = •(»-*)' + (a-*)"" 

and a;», — ^'^ 'E '"''•' ^ "T' "*" 2C ' 

is the general equation to all lines capable of description by tliia 
method. 

First let us suppose that R is a point in AB, in this case 
6 = 0; if R coincides with H, a = c, and the curve degenerates 
into straight lines. But when U is between A and B, the 
curve is a conchoidal hj'perbola with a conjugate point at A, 
Species 44. When R falls on the left of A, so long as its dis- 
tance from A ia less than AB, the curve is still a conchoidal 
hyperbola, but with its convex side towards the conjugate point. 
Species 43. When this distance is exactly AB, the curve is a 
cisBoid; if the distance exceed AB, the curve is Species 41. 
Next, supposing R to fall on the right of B, at a less distance 
than AB ; the curve is now a cruciform hyperbola. Species 18. 
When R is exactly at the distance AB, the curve is the 30th 
species ; when at a greater distance, the 19th species. The 
asymptote in ail these cases is the same, viz. the line bisecting 
A B and parallel to B C. 

But if R lies in the line BC, the locus degenerates into a 
conic hyperbola with a straight line. 

Suppose a conic parabola described with AB as axis, B as 
the vertex, and A as the focus; and suppose also a circle on AB 
as diameter, and that R falls between the parabola and B 0. 
The curve will be a redundant hyperbola; when R is on the 
parabola the curve is a parabolic hyperbola; when within it, a 
defective hyperbola, which becomes the 34th, 35th, or 36th 
species, according as R is without, upon, or within the circum- 
ference of the circle : in all these cases the curve has no 
diameter. 

But R may fali on the right of BC, in which case tlie curve 
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127 



will be of the 7th, 8th, or 25th species, according as its distance 
from EC varies. In fact, by this metliod all the iiijn-parabolic 
carves which have a double point may be drawn. 



Prob. 2. BE represents the liyperbolie branch of a con- 
choidal curve, species 44, of the enumeration, A its conjugate 
point, C the intersection of the asymptote with the axis. If now 
BF the vertical tsingent, be drawn, and on AB, as diameter, a 
circle be described, and a line AF be supposed to revolve on A, 
cutting the circle in D, the branch in E, and the tangent in F, to 
show that the ratio DE l EF is coustant. 




Draw D I, E M, perpendi- 
cular to A IS. 



By the property of the cun'e 

MC . ME= = MB . MA'^ 

.-. MC:MB::(MA=: ME':: AD' : DB^) : : AI: IB 

comp. AB: IB ::CB:MB 

alt. AB : CB : : IB ; MB : : DF : EF 

div. AC:CB:: :tDE:EF 

And the ratio AC : CB being constant, so also is the ratio 
DE : EF, whatever the position of the line AF. 

Prob. 3. If from the cusp of a cissoid, radii be drawn to 
intersect the branches, perpendiculars through the points of inter- 
section will envelope a parabola. 
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The et^uation to the cissoid heing (a + a;)y'^ = — x^ 

Let the equation to any assumed radius be 

my = ~ix (2) 

Then that of a perpendicular on it will he 

y = m.r + b (3) 

Since at the intersection these three equations are simulta- 
neously trne for that point. 



x^ ay ^ 



it + &, and m = — - . ■ . b = - 



Hence (3) becomes y = mx + — 
which is an equation to a line touching the parahola 

the asymptote and directrix coincide, the cissoid lying in the 
negative and tiio parabola in the positive region. 

Prob. 4. In the semicircle AGB, of which MG is an ordi- 
nate, the area AMP is always taken equal to the corresponding 
segment ANG. Required the curve generated. 



Let AM = .IT 
MP =y 
M.G = y' 
rad = I 
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Thenjldi = ANG = ANGM- AGM 



V = \/2X~x"d 



2 i\/ zx—.^f- 



Heiice y = — y . --- ^^ is tlie equation to the curve, wliich 

represents a liyperbolism of the ellipse, whose asymptote passes 
through B, and whose vertex is A. It is evident that the ai-ea 
of this curve between the vertex and asymptote is equal to the 
circle described on AB as diameter. 



Prob. 5. Required the curve in which the area is always 
equal to the fourth power of the ordinate. 

We have if =■ fyda; 

£,fdy = ydo! 
^y^dy = d«, and integrating 

which is a case of the cubic parabola, 

Prob. 6. Required the curve in which the area is always 
equal to twice the rectangle under the co-ordinates? 

Since jydx =■ 2xy 

ydx + 2xdy = o 
2xydy + y^dx = 0, and integrating 
2xy''- = C 
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the curve is a hyperbolisoi of the parabola, the origin of co- 
ordinates being taken at the intersection of the asymptotes. 

Prob, 7. Required tlie curve in which the area is always 
equal to three-fifths the rectangle under the co-ordinates. 



- 3,„ 



ydx =\r)dco^\sdy 



"S ■<: 5 y 



: iog«= \ log y 



the curve is a semicuhic parabola. 

Prob. 8. Required the curve in which the aroa is always 
equal to three-fourths the rectangle under tho co-ordinates. 

We have here - log x ■= — log y 



the curve is a cubic parabola. 

Prob. 9. To find the area of the hyperbolism of the hyperbola 
included between tlio curve and parallel asymptotes. 

The equation being 

(<••-."•)■/ = «■ 

where 2 a is the distance between the parallel asymptotes, 

/■ , fa^dio a?- ^ a-^x . . . 

I ydx =■ }~i : = — log = the area required. 

Hence the whole area, when x = a, is infinite. 
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Prob. 10. To find the area of the hyperbolism of the ellipse 
taken between the curve and its asymptote. 

The axis of the ellipse being taken as the parameter of the 
curve, the required area is equal to four times the generating 
ellipse. 

Prob. II. To find the area of the cissoid between the curve 
and its asymptote. 

The required area is equal to three times the generating 
circle. 



Prob. 12. To find the area of the loop of the folium of Des 
Cartes. 



The equation being 
the required area will be = - a^. 



Prob. 13. To find the point of greatest curvature in the 
semicubic parabola, 

ay- = x^ 

the radius oi curvature being = — ~ I i + -'^— I 

which is o when ^ = o ; the required point is the vertex, where 
the curvature is infinite. 



Prob. 14. To find the point of greatest curvature in the 
cubic parabola 



the required point occurs when x : y i: 3 v^S : 
In the cubic hyperbola 
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the point of greatest curvature occurs when 

Newton, Anal. Geom. p. 457. 

Prob. 15. To find the points of inflexion in the cui-ve 

x^f + aafi +V^^o 

When a and b are of the same sign, the curve is a parabolic 
hyperbola, species 53 (^fig. 61). 

There are points of inflexion when 

When a and b are of contrary signs, the curve is species 56 
(fig. 64) ; and there will be points of inflexion when 

.= ^6((3-V,z)-^}*, j,= ±{(4--^)ai.'}' 

Prob. 16. To find the point of inflexion in the curve 

x^y + bii;y — aaf + aby — a^x = o 

the tangential equation is here aby — a'^s; = 0; and since this 
will divide the row of terms superior to it (p. 97), which is, 
bxy — ax'^ = 0, there is a point of inflexion at the origin. 

Prob. 17. A perpendicular to the axis of a curve is drawn 
through a fixed point in the axis, and intersects the tangent to 
any point P, in tiio point Q. The length of this perpendicular 
and the intercept PQ together is double the length of the curve 
between the vertex and P. Required the equation and species of 
the curve. 
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If the distance from the fixed point to the vertex is called a 
the equation is found to he 



which equation represents a nodate parabola, species 68 of the 
enumeration - 

Leyhourris Mathematical Repository, New Series, vol. iv., 

p. 100. 



Proh. iS. A straight lino being anjiposed to revolve about a 
fixed point P in tho absciss of a line of the third order, so as to 
cut the curve in three points, and tangents to these points being 
drawn to meet the absciss, to show that the sum of the reciprocals 
of the subtangenta is constant- 
Let tlie equation be arranged in the form 

y^ - (ax +h)f + {ex'' + dx + e) y he. = O 

Let y, j/, y, be the three values of ordmatcs corresponding to 
a given absciss, llien (p. 38) 

yy'y" =f^^ — gx' + hx — k (i) 

and differentiating 

y'fdy + yfdi/ + yy'df = zfai'dx - ^yccdx + Ms ... (2) 

dividing (2) by (i) and also by d:c, 

dy ^ dy' ^ d]/' _ _3/^lr"Ai'.iL+ /'. - 
ydx ifdx y" dx fafl ~ gx''- -\- hx — k 

which proves the proposition, because the fraction is constant, 
.r being invariable while P is fixed, whatever the angle of ordina- 
tion, and therefore the sum of the reciprocals of the subtangents 
is also constant. 



y Google 



jnSCELLANEOUS PltOBLEMS. 




Thus if A P = X, 
P M, FN, P O, = the 

three values of j/, t/, y", 
MR, NS, OT, the 
tlu'ce tangents, the sum 



P R "^ PS' 
constant- 



PT 



Prob. 19. The same things being supposed as in the last 
proposition, if the fixed lino AP also cuts the curve in three 
points, D, C, B, the sum 



PR "^ PS "^ PT ~ PD "^ PC "^ PB 

that is, the sum of the reciprocals of the subtangents, will be 
eciual to the sum of the reciprocals of tlio segments of the absciss 
between the fixed point P and the curve. 

This is evident from the consideration that when PO coincides 
with PB, PD = PR, PC = PS, and PB = PT; therefore 



PD '^ PC "^ PB ~ PR ^ PS '^ PT 

which sum is constant at whatever angle the ordinates are inclined 
to the fixed axis. When the segments are on contrary sides of Pj 
the terms will be affected by contrary signs. 



Prob. 20. A straight line PA revolvmg about P cuts a line 
of the third order in three points, B, G, D; and in PA, Q is 
taken so that PQ is a harmonic mean between PB, PC, PD. 
To show that the locus of Q will be a straight line. 

In the case of a right line PA, drawn from a fixed point P, 
which cuts any number of right lines given in position in the 
points E, F, G, H, &c., if in PA there is taken a point K such 



that -, 



- always = s 



j^P + ^ =f ^g &c., then, as is 



well known, the locus of K will be a straight line. 
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Assuming PMNO (seo the last diagram) to be fixed, and 
PA to revolve, then the tangents MR, NS, OT, are given in 
position ; and if a point K is taken so tliat 

PD"^PC"''PB (,^FR'*""PS''"Ft}'^PK 

the locus of IC will be a straight line ; and if we take another 
point Q so that PQ = 3PK, we have 



^ . _ 3 

PD "^ PC^ PB^PQ 



1 + PTJ — T 



-■. wh3n PQ is .1 harmonic mean between the three lines FD, 
PC, PB, the locus of Q is a straight line. 

Cotes on the Nature of Curves ; Maclaurin, Liners Oeometiica, 
p. 460; Salmon's Higher Plane Curves, Art. 56, 

Prob. 21. Through three points in a line of the third order 
in the same straight line tangents are drawn which also cut the 
curve. These points which they cut will also be in a straight 
line. 

This and the six subsequent propositions arc deductions from 
the three preceding propositions. 

Prob. 22. If from a point in the curve a pan- of tangents be 
drawn, and from either point of contact another pair of tangents 
be drawn, the line joining the last-named points of contact will 
pass through the remaining point of contact. 

Maclaurin, Lin. Geom., Prop. 7, Cor, i. 



Prob. 23. If from a point of inflexion a pair of tangents be 
drawn, as AF, AG, and the 
line joining the points of con- 
tact be produced to meet the 
curve in H, AH toi;ches the 
curve in H. 

Not more than three tangents can be drawn from a point 
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of inflexion (be^cies tliat «Iiich touches and cuts it at the same 
point), ami tlie thrcc points of contact arc in the «ainc etrai^^ht 
line 

Prob, 24. If from a point of intlexion A (see the Jaat figure), 
three tangents are drawn, the straight line joining tlie points of 
contact will cut harmonically any sti'aight Sine di-awn through 
the ]ioint of inflexion and terminated by the curve. 

For let FGH, ths line joining points of contact, be produced 
to meet the line CAB drawn through the point of inflcxioi! in 
P, then, since' the three tangents all meet in one point, 

I I I 3 1 ' _ ^ 

PA ^ PB ^ PC "" PA' "'■ PB ■*" PC ~ PA 

that is, PA is a harmonic mean between PB and PC. 



Prob. 25. A straight !ine joining two points of inflexion 
either passes through a third point of inflexion or is parallel to 
the ultimate dh-ection of the infinite branches. For draw PQ 
joining P and , Q, two points of inflexion, ajid produce it to meet 
the curve in E., then, to show that R must be also a point of 
inflexion, let a tangent hs drawn through R, cutting the carve in 
another point S, if possible; and by Prop. 21 P, Q, and S are in 
the same straight line with R, which ia impossible in a line of the 
third oi-der. Therefore R is a point of inflexion. 

Hence we infer that tlie infinite branches of the divergent 
parabolas are ultimately parallel to the line joining their points 
of inflexion. 

Prob. 26, A line drawn through a point of inflexion A, and 
parallel to the asymptote, meets the curve again in B. If a 
tangent at B is drawn cutting the curve in C, the line AC 
passes through the point where the curve and asymptote inter- 
sect 

Maclaurin, Lin. Geom., p. 10. 

Prob. 27. If four tangents are drawn from P, a point in the 
curve, lines joining the points of contact will intersect in some 
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point of the curve, and any straight line drawn from P will be 
cut harmonically by the curve and the lines joining two points of 
contact; 

MaclauHn's Fluadons, art. 402. 



Prob. 28. The equation to a line of the third order being 
given, to draw a choi-d parallel to one of the axes of co-ordinates, 
so as to be bisected by the curve. 

The equation being arranged in the form 

or y^ + i'^ + ^^) y'' + ^c, = o 

according as tlie chord is required to be parallel to one or other 
of the axes, let the locus bo constructed of the equation 

or 3y =-«_J,^ 

If the straight line thus drawn cuts the curve. It intersects it at 
a point which bisects the required chord. If it does not cut the 
curve, no such chord can be drawn. When the coefficient of 
x^ or y^ = o, the required chord coincides with the axis. 



Prob. 29. Given the three asymptotes of a redundant hy- 
perbola intersecting so as to form ati-iaiigle; required the locus 
of the points of osculation within the triangle. 

The condition for a point of osculation is {Gregory's Kr.amplcs, 
ch. X. p. 166), 

\dxdy) \dx^ / \ dy'^ I 

Referring tlie curve to two of its asymptotes Im axes, their 
intersection being the origin, its equation takes the form 

n = am^y + zhx'.y + ca:y^ = h 
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^'^"^" (£) = za.xy + 2by + cy' 

/du\ 

13],} = »"!' + '''■' + '"■ 

(&') = "■'" (3?)='"' (sS,) = n"+'' + '';'J 

Therefore for a point of osculation, 

{aa^rh-\-oyf-aaxy = O 

or a^x" + aoxy + c^y^ + labm + zhcy + b- = o . . . (i) 

This equation represents an ellipse, the position of which is 
determined by its touching the middle points of the three sides of 
the triangle. For it appears from (i) that it touches the axes at 

distances , and from the origin, and the eriiiations to the 

three asymptotes are 

ic = o, y = o, ax + 2.b + cy = o . . . (2) 



and y in (i), the value of -^ derived from the resulting 
equation coincides with the value derived from the equation to 
the third asymptote, via. , and as these values of x and y 

satisfy both the equation to the ellipse and that to the asymptote, 
the ellipse touches the third side of the triangle in its middle 
point. 

Prol). 30. To investigate the properties of the logocyclic 
curve. 

The name logocyclic has been given by Dr. Booth to a pecu- 
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liar combination of Des Cartes' foiium with a common parabola. 
The ec[uation to the former being for rectangular co-ordinates. 



f{2a 



)=^x{a~wr 



F being the origin, and PO being taken = a, the course of the 
curve will be as shown in the diagram, where QO represents the 
branch of the parabola whose focus is at E, and whose vertex is 
atO. 

If F be made the pole and JO the prime radius, r and 6 

being tho polar co-ordinates, since - = tan ^, - = sec 8, 

r = ■^/ u? +y^, the polar equation is 

T = a (sec 6 ± tan S) 

Thus, if the radius vector cuts the curve in the points E, R', 

FR = cf (sec 6 + tan ff), Fit' = a (sec ^— tan 0), 

and the product I'll . TW = «^ (sec^ 6 — tan^ 0), is constant, 
and = a!^. 



If through R and R' nor- 
mals RQ, R'Q be drawn to 
the curve intersecting one an- 
other, they are equal. 

If tangents be drawn at 
R, R' meeting in V, they also 
are equal, and equally inclined 
to the chord RR'. These three 
properties of tliis curve are also 
properties of the circle. 

The locus of the points Q 
is a parabola whose focus is !F, 
whose vertical focal distance is 
a, and whose directrix is the 
asymptote of the curve. By 
means of this parabola and this 
its allied curve, Dr. Booth has, 
in a recent communication to tli 




proceedings of the Royal 
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Society, exhibited the whole theory of logarithms in a geome- 
trical form singularly comprehensive and beautiful. From the 
analogy of its properties with those of the circle, and from its use 
in illustrating the logarithmic theory, he has called it the logo- 
cyclic curve. 

To represent numbers and their logarithms by the logo- 
cyclic curve and its conjugate parabola. Dr. Booth gives the 
following rule : — A parabola whose focal vertical distance is 
(1 = 1 being drawn, and also its logocyclic curve, let a radius 
vector be drawn to the latter equal to the number n. Then 
n = sec + tan_^- 

Let this line meet the vertical tangent in T, the parabolic 
arc OQ— QT is the logarithm of n. 

It is clear that the infinite branch of the curve from +co to o 
will give radii vectores of every magnitude from co to i, and 
parabolic arcs from co to o. Hence, while the numbers range 
from 00 to I, the parabolic area range from oo to o. When the 
number lies between i and o, the radius vector representing it 
is drawn below the axis ; its extremity will be found on the loop, 
and the corresponding arc of the pai-abola will be negative. 
Hence the logarithm of a positive number is equal to the logarithm 
of its reciprocal, with the sign changed ; for the magnitude of the 
parabolic arc depends upon 6, and 6 is the same in sec 3 + tan 
as in its reciprocal sec S — tan 6. 

Hence, while the infinite branch of the logocyclic curve from 
-I- to through R, O, S, to F, may by its radii vectores represent all 
positive numbers from +oo to +o, tlic two infinite branches of 
the parabola will be used in representing the logarithms of positive 
numbers from +oo to +o; that is, the upper or positive branch 
of the parabola will he "used up" in representing the logarithms 
of positive numbers from +oo to + i, and the lower or negative 
branch of the parabola in representing the logarithms of positive 
fractional numbers from + 1 to +o. Hence there is no con- 
struction by which we can represent negative numbers or their 
logarithms ; therefore such numbers can have no real logarithms. 
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Fig. 46. Ivj.41. 
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